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 The objectives of this research are to develop a comprehensive method to quantify 
the material degradation of composite materials in the presence of distributed damages and 
predict the failure in the defected composites using the updated effective material 
properties. Defects can grow in composites at the macro scale caused by the microscale 
voids, matrix cracks, fiber breakages starting from manufacturing processes to the high and 
low cycle fatigue loads, high temperature, and high humidity during operation. Hence, to 
predict a more realistic failure model, it is necessary to consider the repercussions of 
degraded materials. The proposed research work is divided into two major parts 
Effect of distributed defects on effective material properties of the composites is 
required for the progressive failure models. Although the degradation of the effective 
material properties due to the presence of the lower scale damages is well investigated, 
how each material coefficients should be degraded in a progressive failure model is still a 
dilemma. The percentage of defects, the shape of the defects, and their stochastic 
distribution may affect the individual material coefficients in a unique way and may not be 
uniform across the constitutive matrix. Therefore, to find how the individual material 
coefficient in a constitutive matrix changes due to the presence of the voids and fiber 
breakage, all material coefficients in a constitutive matrix were studied. The representative 
volume element of a fiber-matrix composite was studied with appropriate boundary 
conditions and respective material coefficients were calculated. It was found that the local 
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gradients of the degradation curve obtained for each material coefficient are not linear with 
the increasing percentage of degradation and not uniform for all material coefficients. The 
different shapes and locations of the defects with constant percentage of defect were found 
to have an effect on the material coefficients. 
The objective of this study was to investigate the effect of multiple hole orientations 
on the strength of composite materials and the interaction of crack paths as well. Generally, 
holes may be created in the composite structures due to the assembling or the joining of 
parts. A high stress gradient may occur at the vicinity of their edge as a result of holes. The 
stress gradient around a hole is not only dependent on material constants, but also fiber 
direction and hole orientations. This complex gradient stress may affect strength of 
structures and damage propagations. Hence, to fulfill the requirements, peridynamic 
method was employed to predict strain energy, crack paths, and tensile strength of the 
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1. CHAPTER 1 
INTRODUCTION
1.1 Problem statement 
Composite materials have been extensively used in a wide range of industries such as 
aerospace [1-4], automotive [5-7], civil infrastructure [8-10], etc. For example, 50 percent 
of the Boeing 787 is made of composite materials [11]. Figure 1.1 shows the applications 
of composite materials. Composite structures may fail due to existing or created precursor 
damage.  
Figure 1.1: Application of composite materials [12] 
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Figure 1.2: Material properties degradation cycle [13, 14] 
Precursor damage is defined as the progression of structural material property 
degradation or morphology that can evolve into damage [15, 16]. This description implies 
that precursor damage in this context is some microstructural changes that happen “before” 
damage and can “develop” into damage [16]. As depicted in Figure 1.2, precursor damage 
occurs in composite materials at the very early stage. Precursor damage can be evolved to 
common damage modes in composite materials such as developing micro cracks in matrix, 
debonding between fiber and matrix, and delamination. The precursor damage may occur 
in the composite materials due to manufacturing defects, environmental effects, fatigue 
loading, etc.  
Figure 1.3 shows the problem statement flowchart. The two precursor damages in 
composite materials that occur most frequently are voids in the matrix and fiber breakage. 
Fiber breakage might occur during the manufacturing process due to high impact loads and 
high fatigue load cycles. Voids might also be present due to manufacturing deficiency.  
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Voids and fiber breakage at the very early stage can cause significant degradation of the 
material properties. The degraded material properties should be included for the damage 
modeling, progressive failure analysis, and computational nondestructive evaluations 
(CNDE). However, the percentage of material degradation in composite materials in 
presence of void and fiber breakage is still a dilemma. 
Figure 1.3: Schematic of problem statement 
1.2 Motivations 
The most recent method to predict the strength of composite structures with holes is 
progressive failure analysis.  
Figure 1.4 shows the application of material degradation in progressive failure analysis. 
In this method, composite structures with holes are considered at pristine state. However, 
the composite structures do not remain pristine at the vicinity of the holes. Making holes 
in the composite structures may create micro-voids and fiber breakage around the holes. 
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Figure 1.4: Application of material degradation in progressive failure analysis 
Material properties of composite structures may degrade locally due to these defects. As 
the effective material property changes due to the defects, it is known that the strength of 
the defected composite will not be the same as a flawless composite. Hence, to accurately 
simulate the progressive failure of composite structures with holes, finding degraded 
material properties due to different defects is crucial. To predict the strength of composite 
structures with holes accurately, degraded material properties are needed and should be 
considered around the holes.  
Moreover, degraded material properties are necessary for nondestructive evaluation 
(NDE). Figure 1.5 shows the application of material degradation in NDE and 
computational NDE (CNDE). The NDE can be carried out experimentally and numerically. 
To perform an NDE experiment for structures or materials, the pristine material properties 
are considered. Next, the NDE experiment is designed by knowing the dispersion behavior. 
Once NDE experiment was carried out, the NDE data will be generated. By analyzing NDE 
data, the damage geometry will be found. However, the material property of surrounding 
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damage area is not the same as at the vicinity of the damage. Thus, the degraded material 
properties are required to revise the finite element model. Furthermore, to design a CNDE 
experiment, the CAD model of structure should be modeled.  
Figure 1.5: Application of material degradation in NDE and CNDE 
The FEM model for CNDE can be generated based on a CAD model. Next, to obtain 
accurate results, we need to revise the FEM model to include damage geometry. To fulfil 
this requirement, the degraded material properties should be considered  
1.3 Approach 
To accurately quantify the degraded material properties of composite materials due to 
the precursor damage, a generalized representative volume element (RVE) model is 
proposed. This model calculates all necessary degraded constitutive coefficients and 
material engineering constants in the presence of the precursor damage. Voids and fiber 
breakage are two common precursor damages which are considered in this dissertation. 
The voids are modeled in the RVEs with different shapes, sizes, and locations. The voids 
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are randomly distributed into the RVEs. The degraded material properties are calculated 
using micromechanics, homogenization techniques, and implementation of periodic 
boundary conditions. The effects of different void parameters on the change of the effective 
material properties are studied. Furthermore, the RVEs with fiber breakage are modeled as 
well. Two different angles of fiber breakage are considered to understand the effect of fiber 
breakage angle on the effective material properties.  
The degraded engineering constants in the presence of precursor damage are used to 
predict the strength of defected composite structures with holes precisely. One of the 
effective nonlocal methods which can simulate the progressive damage is the peridynamic 
method. The peridynamic method can accurately predict the strength of composite 
structures with one hole [17, 18]. However, the strength of composite structures with holes 
is not only dependent on material properties but also fiber direction and hole orientation 
[19]. To accurately calculate the strength of composite plates, in this research, peridynamic 
method is employed to study the effect of fiber directions, hole orientations, and degraded 
material properties on the strength of composite structures with holes. To conduct this 
study, unidirectional composite structures with three different fiber directions and 4 
different hole orientations are considered. The strength of the unidirectional composite 
structures is determined with degraded engineering constants and pristine ones.  
1.4 Outline 
This dissertation is arranged in the following way. In Chapter 2, the literature review 
about the quantification of effective material properties in composite materials and the 
damage propagation in composite materials using the peridynamic method are addressed. 
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The quantification of effective material properties and engineering constants in the 
presence of precursor distributed damages, such as different void shapes and locations and 
fiber breakage, are discussed in Chapter 3. In Chapter 4, the peridynamic simulations are 
applied to predict damage propagations and determine the strength of different 
configurations of open hole composite plates with different fiber directions. Next, the 
effects of degraded material properties on the strength of open hole composite plates are 
studied using the updated engineering constants. Summary and conclusions are also 
discussed in Chapter 5. In Chapter 6, guided waves in corrugated structures are studied. In 
this chapter, generalized dispersion equations for Rayleigh-Lamb and shear horizontal 
waves are investigated for corrugated waveguides. 
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2. CHAPTER 2 
LITERATURE REVIEW 
2.1 Quantification of effective material properties in composite materials 
Due to their high strength and lower weight compared to metals, composite materials 
have been extensively utilized in various industries, specifically in aviation, aerospace, 
vehicle manufacturing, infrastructures projects, etc [20]. In addition, composite materials 
with piezoelectric fibers can be utilized in sensors actuators industry. They may be 
employed to harvest energy in smart structures such as metamaterials [21-25]. Composite 
materials are categorized based on their constitutive coefficients. Isotropic, orthotropic, 
monoclinic, and anisotropic are common categories of composite materials [26]. 
Quantifying the material properties of composite materials is a substantial component in 
various fields of science, such as wave field modeling, damage modeling, and vibration 
analysis [27-30]. 
Wave propagation analysis in composite materials has been a topic of interest in the 
field of solid mechanics for the last couple of decades [31-34]. Understanding the wave 
propagation behavior in composite materials has become important for computational NDE 
and Structural Health Monitoring (SHM) due to various uses of those materials. The most 
recent methods are Finite Element Method (FEM) [35-37], Boundary Element Method 
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(BEM) [38], Indirect Boundary Integral Equation (IBIE) [39], Multiple Multi-Pole Method 
(MMP) [40], Spectral Element Method (SEM) [41], Local Interaction Simulation 
Approach (LISA) [42], Distributed Point Source Method (DPSM) [43], and Gaussian 
Distributed Point Source Method (G-DPSM) [44]. Determining material properties of 
composite materials becomes more challenging once precursor damages are created.  
Precursor damages and internal flaws in composite materials, at the very early stage, 
cause material degradation under service load. Degraded material property is not 
comprehensively considered in the progressive failure models as well. Degradation of 
material properties at the macroscale is initiated due to microscale damages like matrix 
cracks, voids, and fiber breakage. These damages may present in the pristine material due 
to manufacturing processes. They may also initiate during operation due to high 
temperature, thermal fatigue, high humidity, high or low fatigue load cycles, etc. 
Two precursor damages that may occur frequently in the composites are matrix voids 
and fiber breakage. These are considered in this dissertation. Fiber breakage during 
operation might occur due to high fatigue load cycles and/or high impact. Voids might also 
be present due to manufacturing deficiencies. When the effective material property changes 
due to the defects, it is expected that the behavior of the defected composite during the 
progressive failure will not be the same as a pristine composite. Thus, to accurately 
simulate the progressive failure behavior of the defected or fatigued composites, it is 
crucial to quantify the individual effective material property in the matrix of constitute 
coefficients. 
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For the last two decades, researchers have calculated the effective material properties of 
the composite materials with different methods [25]. Suquet [45], Bakhvalov and 
Panasenko [46] presented an analytical method to obtain the effective material properties 
using representative volume element (RVE) and homogenization technique for handling 
the different load cases. Sun and Vaidya [47] proposed an RVE with two different 
configurations of fiber, a square and hexagonal array, to assess the constitutive coefficients. 
They applied symmetric and periodic boundary conditions to calculate the effective 
material properties. Michel et al. [48] presented two methods based on finite element 
method and Fast Fourier Transform (FFT) which used linear or nonlinear constituents. FFT 
method did not converge when the model encountered a discontinuity. Li et al. [49] 
developed a unit cell using square and hexagonally configurations and derived symmetric 
boundary conditions for the unit cells. They also showed that irregular fibers and fiber 
imperfection can be accommodated in a unit cell.  
Lenglet et al. [50] Berger et al. [51-56], Moreno and et al. [57-59] and Qin et al. [60] 
conducted a comprehensive study and obtained a full matrix with individual material 
coefficients of effective material properties for piezoelectric reinforced composite using an 
RVE with the single fiber. They used a three-dimensional model with hexagonal and square 
fiber configurations and applied periodic boundary conditions. The constitutive 
coefficients were calculated for different fiber volume fractions and were compared to 
asymptotic homogenization methods (AHM). Recently, researchers have studied 
a) effective material properties of RVEs with 2 layers and simulating matrix
interfacial decohesion,
b) new algorithm to generate general RVE with random distributed fibers or particles
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c) Obtaining material properties of 3D woven composite [61-66].
Swaminathan et al. [67] studied two-dimensional RVE models with nonuniform 
dispersion of inclusions for a unidirectional composite to calculate the effective material 
properties. They found that the number of fibers should be 50 if the fiber volume fraction 
at the pristine state ranges between 31%-33%.  
Researchers have conducted extensive studies on the fatigue life, strength, and material 
properties of different materials in presence of the voids and the fiber breakage. Lambert 
et al. [68] considered a large individual void in a laminated matrix. They reported that the 
void had a significant effect on fatigue life. Furthermore, when they investigated the local 
ply-level, they found that the compromised fatigue life was caused by the crack 
propagation at the laminate interfaces.  
Studies were also conducted to understand the effect of micro-voids on effective 
material properties [69-71]. De Almeida et al. [72] introduced an experimental method to 
show the effect of void content on the static strength and fatigue life of the composite 
laminates subjected to flexural loading. The results showed that the fatigue life of the 
composite is compromised by the presence of voids. Lee et al. [73] presented a model 
which can predict the effect of fiber breakage on the creep and on the rupture life of a metal 
composite. They investigated the longitudinal creep behavior of the SCS-6/Ti composite 
as well. Anlas et al. [74] developed a 2D model to predict the effect of fiber fracture which 
is randomly distributed and found the effective elastic modulus of a short-fiber/aluminum 
matrix composite. Kumar et al. [75] characterized the degradation of an IM7/997 carbon 
fiber-reinforced epoxy which was under ultraviolet radiation and/or condensation. The 
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transverse tensile strength of the matrix was decreased by 29% after 1000 hours of cyclic 
exposure to UV radiation and condensation.  
Swaminathan et al. [76] proposed a suitable size of RVEs for unidirectional composites 
undergoing the initiation and propagation of damage in the form of interfacial debonding. 
They found that the size of the RVE with 32% fiber volume fraction was 63 µm. Li el al. 
[77] investigated the effective material properties using 2-D square RVE with 17%, 29%
and 39% of porosity. Srinivasulu et al. [78] generated an algorithm to simulate a high fiber 
volume fraction in a discontinuous fiber-reinforced composite with randomly oriented 
fibers. They investigated the effect of void content on the modulus of elasticity and 
Poisson’s ratio using finite element method and micromechanics modeling.  
Dong [79] introduced a two-dimensional model of RVEs to understand the effect of 
void content on the tensile strength and transverse modulus. In some cases, the transverse 
modulus was decreased due to the void content. But, the tensile strength of the laminate 
was increased. However, in 2D models, only the transverse elastic modulus and one 
Poisson’s ratio could be obtained. Material properties along the fiber direction, two shear 
coefficients, and another Poisson’s ratio could not be found. Some works have been 
conducted to study the effect of fiber breakage in metal composites [73, 74]. Evaluating 
the effect of fiber breakage on fiber reinforced composites is necessary due to their heavy 
demands in many industrial, space and military applications. 
Although research has been quite comprehensive in all the above cases, only a few 
constitutive coefficients were calculated [51-60]. Therefore, it is necessary to find all the 
effective material coefficients in the effective material property matrix to understand the 
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effect of microscale damage on progressive failure models, to perform the CNDE, and to 
predict wave signals due to degraded material properties. In current practice, it is not 
appropriate to express the degradation of material properties of anisotropic materials using 
the degradation of elastic moduli and Poisson’s ratio only by a fixed percentage because 
each coefficient in the constitutive matrix degrades uniquely and may not be captured 
correctly by degrading just the elastic moduli and the Poisson’s ratio.  
Hence, this work is presented to obtain a complete constitutive matrix with all the 
material coefficients in the presence of defects like voids with the different shapes, 
distribution, and fiber breakage in composite materials using multi-fibers and multilayer 
RVEs.  
2.2 Progressive failure analysis 
One of the most common methods to manufacture or assemble composite structures is 
to fasten two composite structural parts [80]. Fastening composite structures can be 
performed by pin joints, bolt-filled holes, thread joints, clamped joints, etc [81]. Similarly, 
joining the composite structures with riveted joint or bolted joints is carried out if the 
composite structures need to be disassembled or inspected. In fastening the composite 
structural parts to allow for damage inspection, or installation of electric device, or piping 
installation, it is always necessary to make holes on the composite structures [82, 83].  
Making a hole in the composite structures creates a high-stress concentration zone at 
the vicinity of the hole’s edge [84, 85]. Consequently, it reduces the strength of composite 
structures. In addition, damage will nucleate due to high-stress concentration around the 
holes. The damage starts propagating due to the fiber breakage, matrix cracking, fiber-
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matrix splitting, and shear-out failure when the composite structures are subjected to loads 
[86, 87]. The ultimate strength and the final failure of isotropic materials are only 
dependent on material properties. However, damage nucleation, damage propagation, and 
strength of composite structures with multiple holes are not only dependent on material 
properties but also fiber orientation, hole locations, hole orientations, etc [88, 89]. Thus, 
progressive failure analysis of open-hole composite has been a topic of interest for decades. 
The researchers have attempted to predict the final failure and strength of open-hole 
composite structures with stress concentrations for decades. The point/average stress 
model is one of the primary methods for obtaining strength of an anisotropic plate [90]. In 
this method, failure is predicted to occur once the stress at a certain distance or average 
stress over a certain distance from the notch tip reaches the strength of the plate without a 
notch. Another method uses by linear elastic fracture mechanics. In this method, failure is 
predicted to occur if the notch which is introduced by an equivalent crack attains the critical 
size [91]. These methods are able to predict the strength of composite structures reasonably. 
However, to determine the parameters in the models, extensive experiments need to be 
carried out.  
Progressive damage may cause stress redistribution [92]. To consider stress 
redistribution, progressive failure analysis of composite structures has been introduced to 
predict the strength of composite structures with a hole. The material degradation method 
(MDM) and continuum damage mechanics (CDM) approach are used to model in-plane 
damage modes such as fiber failure and matrix cracking [93]. Hufner and Accorsi [94] 
applied the progressive failure approach to woven composites with one hole. The results 
were validated by a digital image correlation (DIC) method. They employed the stiffness 
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reduction technique after failure. This approach was implemented in the ABAQUS 
software using a user material subroutine. CDM and in particular MDM suffered from a 
lack of a strong physical basis to quantify the percentage of material degradation 
accurately. Researchers have used the discrete ply model approach to predict the final 
failure of open-hole composite materials [95-97]. However, this method is computationally 
intensive. 
Cohesive zone model (CZM) is another method that can be used for the progressive 
damage model. Ridha et al. [98] modeled the progressive failure in notched composite 
laminates with different stacking sequences. The maximum stress and Tsai-Wu failure 
criterion were used to model in-plane damages. The CZM was employed to model the 
interfacial behavior. The CZM used to employ for composite failure analysis using 
standard finite element method and fall into two categories: the continuum model [99] and 
cohesive interface element [100, 101]. The continuum model is independent of mesh 
generation. However, this is not suitable for the propagation of dominant crack. The 
cohesive interface element can model matrix crack and delamination interface. But, 
cohesive elements should be aligned with the finite element which may cause difficulty in 
meshing for complex geometry.  
To overcome this limitation in the standard finite element method, extended finite 
element method (XFEM) was introduced [102, 103]. Higuchi et al [104] predicted the 
progressive failure damage and resultant failure of carbon fiber plastic laminates using a 
proposed mesoscale simulation methodology. The evolution of delamination and matrix 
cracking was conducted through the CZM. The CZM for analyzing the delamination 
growth was performed using interface element and XFEM was employed for modeling 
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matrix cracking. To overcome the limitation of continuum damage model features, Dongen 
et al. [105] introduced a method for progressive damage analysis of composite structures 
with one open-hole. The proposed methodology combined the continuum damage model 
and the cohesive zone model. Matrix crack and delamination criteria are used to simulate 
progressive damage using XFEM in ABAQUS software. However, using XFEM in 
ABAQUS software has some limitations including capturing one crack per side, per ply.  
2.3 Peridynmic method 
In the discussed method, partial differential equations (PDEs) are used to define damage 
in continuous body. It is hard to capture damage propagation using these methods due to 
the intrinsic limitation. The limitation is that the spatial derivatives are not defined at the 
crack tips by the definition. Thus, these methods have similar trouble once the crack 
nucleates in a body which are already discussed. To overcome the limitation, a nonlocal 
theory is introduced by Silling [106] such that the spatial derivatives are not required for 
defining the fracture. This method is called bond-based peridynamic (PD) theory.  
Silling et al. [107] generalized bond-based PD theory by considering the interaction of 
the number of material points located in a certain distance from each other. In comparison 
to classical continuum mechanics, Silling employed the integral form of the equations of 
motion to introduce PD theory. By using the integral form of the equations of motion, crack 
initiation and propagation are captured at multiple sites without resorting to special crack-
growth criteria.  
Researchers have employed PD theory on a different problem for isotropic 
materials successfully. Warren [108] implemented the PD method to predict the fracture 
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of the notched and un-notched bar under a velocity gradient. Also, Agwai [109] studied the 
crack propagation in isotropic plates with edge crack and a plate with cylindrical glass 
inclusion with initial crack. The obtained results showed that the PD results and 
experimental results had good agreement compared to each other.  
Researchers have used PD method to analyze impact damage and delamination growth 
in composite materials. Damage may occur in a composite panel due to low-velocity 
impact. Xu et al. [110] analyzed impact damage in composite materials. They predicted the 
delamination and matrix damage process in the composite thoroughly. Sun and Huang 
[111] analyzed the influences of impacting velocity on the damage pattern and the damaged
area of the composite laminate. The results revealed that impacting damage in composite 
laminate was caused by the stretching strain. When the impacting velocity was increasing 
gradually, the damage firstly occurred at the fixed edges, subsequently on the bottom 
surface and finally on the top surface of the composite laminate. Hu et al. [112] defined 
new criteria for interlayer bond stretch using critical energy release rate values.  
Roy et al. [113] advanced a PD damage model to study delamination of composite 
structures. Using critical energy rating, they modeled interfacial cohesive damage by 
degradation function. They were be able to successfully predict the failure of composite 
structures. Kilic [114] employed the PD theory to predict the damage of the center-cracked 
composite laminates with different fiber orientations, and the results agreed with the 
experimental observations in the literature.  
Researchers have conducted crack propagation on a unidirectional lamina with a center 
notch and the laminated composite with large-notch under the tensile load have been 
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conducted [115, 116]. Tastan et al [117] studied the crack propagation in the thin 
orthotropic flat plates under the bending loads. They reported that the results are consistent 
with those obtained with classical computational methods. In addition, they modeled the 
crack patterns in the orthotropic plates accurately.  
Yu and Wang studied the progressive damage in the laminated composite plate with a 
notch and open hole. [118]. In this study, the damage propagation and failure modes were 
found under a tensile load. Colavito et al. [119] analyzed the residual strength of composite 
laminates with a hole. The results showed that the PD results are in a good agreement with 
experimental results. Hu and Madenci introduced a new bond-based PD modeling for 
composite laminates [120]. The proposed method did not have any restrictions on fiber 
orientation and material properties. Later, Hu and Madenci studied damage initiation and 
growth in a laminated composite with one hole [121]. The results were validated with the 
Air Force Research Laboratory (AFRL) for 3 different layups under fatigue loading for 
strength and failure progression. 
According to the established literature, there are several methods to predict the strength 
of composite structures with an open-hole such as material degradation method [93, 94], 
cohesive zone model [99], extended finite element method [102-105], and experimental 
study [122-124]. Nevertheless, these methods have their own shortcoming which were 
already discussed. To avoid the inherent limitation of the approaches, researchers have 
used PD method to analyze the progressive damage and predict the strength of composite 
structures with an open-hole [118-121]. However, in some composite structures which are 
used in aircraft, multiple holes may exist. Thus, it is required to study the effect of multiple 
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holes and their configurations on the strength of composite structures which have not been 
considered in the literature.  
In this study, the PD method is employed to simulate the damage propagations in 
unidirectional composite plates with multiple holes under rate of change of displacement. 
The different hole orientations and fiber direction are considered to understand how 
damage propagates in the composite plates. For further study, the strength of the 
unidirectional composite plates with multiple holes and different orientations are studied. 
Making holes in composite plates may cause material degradation around the holes. 
Therefore, the effect of degraded material properties around the holes on the strength of 
unidirectional composite are investigated.  
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CHAPTER 3 
QUANTIFY EFFECTIVE MATERIAL PROPERTIES IN PRESENCE OF 
DISTRIBUTED DAMAGES 
3.1 Material Scanning and Observations 
In this study, the elastic properties of a unidirectional carbon/carbon composite material 
which are assumed to be a transversely isotropic [125] were measured using universal 
mechanical test system (MTS). The material properties of the unidirectional carbon/carbon 
composite are listed in Table 3.1. 
Table 3.1: Material properties of fiber and matrix 
T 300 Carbon fiber Epoxy 
flE (GPa) fvE (GPa) fl fvv E (GPa) v
230 15 0.25 0.07 5 0.16 
In the experimental design, 10 composite samples were planned for the tensile test and 
10 samples were planned for the compression test. Mean values are reported to represent 
the equivalent elastic modulus. The specimens are prepared for the tests based on ASTM 
C1275-95, ASTM C1359-96 and ISO/DIS 15490 which are 4mm (thickness)×75mm 
(length)×8mm (width). Before running any of the mechanical tests, the porosities of all 
samples were calculated using an image processing tool that analyzes the composite images 
from scanning acoustic microscope (SAM) [126]. All SAM images were taken at room 
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temperature and utilizing a 100 MHz acoustic transducer with lower and higher frequency 
range of ~25 MHz to ~500 MHz, with a peak near ~100 MHz. Similar samples were also 
imaged using Kyene Optical microscope. Images obtained from SAM and the optical 
microscope. Figure 3.1 illustrates the void content in the unidirectional composite. Here, 
void shapes are not fully spherical. Therefore, the void shapes in forms of spherical or 
ellipsoid were assumed to be used in the numerical models. All the specimens were 
scanned, and the void sizes and fiber breakage distances were measured using the image 
processing tool. The observations showed that the diameters of voids are in the range of 
1.3 µm to 2.8 µm and the fiber breakage length is ~5 µm in average. After running all the 
compression and tensile tests for all 20 samples, the young’s modulus of the composite 
material is reported as 98Gpa and 107Gpa, respectively under compression and tensile 
tests. 
 Figure 3.1: a) & c) Void identification from optical microscope and SAM, 
respectively; b) & d) Fiber breakage identification in composite specimens using 
optical microscope and SAM, respectively. 
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3.2 Modeling and simulations 
RVE is the smallest component of a microscopic composites which can represent an 
element containing their microscopic constituent [52]. Figure 3.2 shows the periodicity of 
the composite and RVE configuration. 
Figure 3.2: Periodicity of composite material and RVE configuration 
Since the unidirectional composite can be considered as a periodical structure, periodic 
boundary conditions must be applied to the RVE to find the effective material properties 
using the RVE concept. In other words, RVEs which are located next to each other have 
the same mode deformation and they do not have any separation or overlap between each 
other. The periodic boundary conditions are shown in Eq. (3-1)[52].  
, 1, 2,3i ij j iu S x v i j  
(3-1) 
Where ijS are average strains, iv is the periodic part of displacement on the boundary 
conditions which is unknown, and they are related to the global load. To specify the 
periodic boundary conditions for the RVE which is depicted in Figure 3.2, Eq. (3-1) must 
be written for two opposite surfaces. 
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K K K
i ij j iu S x v
    (3-2) 
K K K
i ij j iu S x v
    (3-3) 
Where K  and K are , B ,  A C  and , B ,  A C as they were demonstrated in Figure 3.2. The 
periodic terms Kiv  and 
K
iv  are identical at the opposite surfaces because of the periodicity. 
If Eq. (3-2) is subtracted from Eq. (3-3) macroscopic strain conditions can be expressed as 
follows: 
 K K K Ki i ij j ju u S x x      (3-4) 
After implementing the periodic boundary conditions, the average strains and the 
average stresses and effective material properties are calculated. The average strain and 















Where V is the volume of the periodic RVE. It is substantial to emphasize that ijS in Eq. 
(3-4) is an arbitrary value. ijS  is considered as 1 in this article.  
3.2.1 Implementation of periodic boundary conditions 
The periodic boundary conditions are applied based on the concept presented in the 
earlier literatures [53, 54, 56]. The finite element meshes need to be identical on the 
opposite surfaces to apply the periodic boundary conditions [51-54, 56]. Figure 3.3 shows 
the process of identical mesh generation over the unit cell surfaces. To fulfill this 
requirement, pre-mesh is generated on the master surfaces of the unit cell using dummy 
2D linear elements. Next the meshes are copied over to the opposite surfaces. The mesh 
generation is performed using ANSYS built-in free surface mesh. The meshing of the 
matrix and the fibers are performed based on the surface meshes with tetrahedral linear 
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elements. The dummy 2D linear elements are deleted after the meshing was performed 
over the volume. 
Figure 3.3: process of identical mesh generation on unit cell 
To avoid over constrain conditions, periodic boundary conditions should be assigned to 
each pair of nodes only once. To satisfy this requirement, all pair of nodes are designated 
as the masters and the slave nodes at the corners. The master and slave lines were defined 
without the corner nodes, and the master and the slave surfaces were defined without the 
corner nodes and the lines. The categorization process was performed using a MATLAB 
code. Figure 3.4 depicts the category of contributed pair of nodes with periodic boundary 
conditions at the corners, on the opposite lines, and over the opposite surfaces. The master 
and slave nodes at the corners, on the lines, and over the surfaces are in blue and red color, 
respectively.  
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Figure 3.4: categorized nodes, lines, and surface selection for applying periodic 
boundary conditions 
Required periodic boundary conditions are listed in Table 3.2 to calculate each 
constitutive coefficient [52]. To avoid the rigid body motion, ux, uy and uz are imposed to 
be zero where x, y, and z are minimum. Figure 3.5 presents a detail depiction of loading 
conditions to visualize how periodic boundary conditions are applied.  
Table 3.2: Implementing periodic boundary conditions for 3D RVE
Constitutive 
Coefficients 
Surfaces Xmax/ Xmin Surfaces Ymax/ Ymin Surfaces Zmax/ Zmin 
C11, C21, C31 Δux=a Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 
C12, C22, C32 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=b Δuz=0 Δux=0 Δuy=0 Δuz=0 
C13, C23, C33 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=c 
C44 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=c Δuz=0 
C55 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 Δux=c Δuy=0 Δuz=0 
C66 Δux=0 Δuy=0 Δuz=0 Δux=b Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 
The periodic boundary conditions are generated using MATLAB code in form of 
ANSYS interface language for desired constitutive coefficients.  
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Figure 3.5: Schematic view for applying periodic boundary conditions to calculate a) 
11 21 31C ,C ,C b) 12 22 32C ,C ,C c) 13 23 33C ,C ,C d) 44C e) 55C f) 66C
For further details, equations of the periodic boundary condition for calculating C11, C21, 
and C31 are depicted in Figure 3.6. As shown in this figure, the periodic boundary 
conditions are applied to corner points, lines without corner points, and the surfaces without 
lines. But, the external load are only applied on specific points (2, 3, 6, 7), lines (2, 3), and 
surface (2). Furthermore, the difference of displacements along x direction are only 
nonzero for mentioned nodes, lines, and surfaces. In other words, the nonzero conditions 
are only applied on the specific nodes, lines, and surfaces to calculate the desired effective 
material properties.  
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Figure 3.6: periodic boundary equations for calculating C11, C21, and C31
3.2.2 RVE size and calculating effective material properties 
According to a previous work [67], the number of randomly oriented fibers that fulfill 
the 2D-RVE size requirements in the UD composite was calculated. In the present study, 
the same procedure is followed and the size of the RVE is determined. An RVE with length, 
width, and height of 62 µm is simulated to obtain the constitutive coefficients using the 
finite element method. The distributions of effective material properties at pristine state are 
investigated due to the different locations fibers. 15 different RVEs are modeled to 
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determine the distributions of the effective material properties. The fiber diameter is 7 µm 
and the fiber volume fraction is 50%. Interfaces between the fiber and matrix were assumed 
to be perfectly bonded [127]. The material properties of the fiber and the matrix are listed 
in Table 3.1. To analyze the problem using ANSYS, linear tetrahedral element type was 
selected. The periodic boundary conditions were applied to the RVE using Table 3.2 where 
a, b, c are 62 µm. To implement the periodic boundary conditions using ANSYS software 
based on Eq. (3-4), Table 3.2, Eq. (3-1) was employed. This investigation is in the range 
of linear elastic materials. To solve the problem, equations which is listed in Table 3.2 are 
rewritten in form of FEM for each desired constitutive coefficient as follows: 
 
     
, 1,2,3 , ,K K K Ki i ij j j
g
i
u u S x x i j K A B C
K u F
       

(3-7) 
Where  F  is equal to   K Kij j jS x x  and it can be a, b or c which is 62 µm for each case, 
 iu displacement, and [K]
g the coefficient of displacement. To find the effective material
properties after solving Eq. (3-7), the stresses and the strains were extracted from each 
element. Then using Eq. (3-5) and Eq. (3-6) average stress and the average strain were 
calculated. ANSYS interface is used to obtain integral stresses and strains for each 
constitutive coefficient.  
3.2.3 Modeling Voids in the RVE 
To understand the perturbation of effective material properties due to the voids [72, 78, 
79], the RVEs were developed to simulate 1%, 2%, 3%, and 5% void content in the RVE. 
To determine the size of RVE with void contents, the procedure of established in [67, 76] 
are followed and the size of the RVE is calculated. The size of the RVE for the UD 
composite with void contents was 90 µm. Element types and material properties of the 
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fiber and the matrix are similar, discussed in the previous section. Figure 3.7 depicts the 
schematic diagram of the RVEs including spherical, ellipsoid, and combination of spherical 
and ellipsoid void contents. Bear in mind that ellipsoid void shapes are parallel to the fiber 
direction.  
Figure 3.7: Schematic of an RVE including a) Spherical voids b) Ellipsoid voids c) 
Combination of spherical and ellipsoid voids 
The voids are located in the RVE based on a specific algorithm. The center and radii of 
the spherical and ellipsoid voids are generated with random numbers generated from a 
normal distribution. Location and radius of the voids were constantly checked with the 
fiber locations and the voids are placed such a way that there is no contact/interfere between 
the fibers and the voids. This procedure was continued until the desired void content 
percentage is achieved. Figure 3.8 depicts the mesh generation on the RVE and its cross 
section. The void locations and void shapes may affect degraded material properties. In 
other words, the degradation amount of each effective material property may change due 
to the different void shapes and void locations. Therefore, a comprehensive study is carried 
out to quantify not only the range of degraded material properties but also their 
distributions. Figure 3.9 shows the design of simulations of RVEs with a fixed void 
percentage. As shown in this figure, the different void shapes with different locations are 
considered in the simulations  
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Figure 3.8: Mesh generation a) RVE b) Cross section of RVE 
Figure 3.9: Design of simulations for RVEs with a fixed void percentage 
For a fixed void percentage, 15 RVEs was simulated. These RVEs were considered as 
follows: 3 RVEs with the spherical voids, 5 RVEs with ellipsoid voids, 4 RVEs with the 
combination of spherical and ellipsoid voids by the equal percentage, and 3 RVEs with the 
combination of spherical and ellipsoid voids by the different percentages. The effective 
material properties are calculated for 15 RVEs with 1%, 2%, 3% and 5% void percentage 
to thoroughly understand the effect of void shapes and locations on the constitutive 
coefficients. 
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3.2.4 Modeling fiber breakage in the RVE 
Different angles of fiber breakage are introduced in the RVEs to find the effect of the 
angle of fiber breakage on the perturbation of the effective material properties. Thus, a unit 
cell with 45° and 90° of fiber breakage with respect to the fiber direction are modeled, 
respectively. The dimension of the RVE for fiber breakage study is determined based on 
the previous procedure discussed in 3.2.3. The size of the RVE for fiber breakage was 
considered 90 µm. the diameter of the fiber filaments, fiber locations, element types and 
the material properties of the fiber and the matrix are identical to the unit cell discussed 
previously. Figure 3.10-a shows a schematic of RVE including fiber breakage with 90° 
respect to the fiber direction. To consider the influence of the location of the fiber breakage 
on the constitutive coefficients, additional studies were performed for different location of 
the fiber breakage in microscale length on the constitutive coefficients.  
Figure 3.10: Fiber breakage with 90˚ a) in micro-scale length b) multi-scale length 
To consider the effect of partial layer-wise fiber breakage on the effective material 
properties of an RVE, the multilayered RVE model is employed. This is achieved by 
simulating a two-layer RVE with one layer being pristine and the second layer being 
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damaged with the fiber breakage. Figure 3.10-b demonstrates multilayered RVE with 
different angles of fiber breakage. The configurations of the first and second layer are the 
same as the one-layer RVE which was modeled in section 3.2.3.  
Table 3.3: Implementing periodic boundary conditions for multilayered of RVE 
with fiber breakage 
Constitutive 
Coefficients 
Surfaces Xmax/ Xmin Surfaces Ymax/ Ymin Surfaces Zmax/ Zmin 
C11, C21, C31 Δux=a Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 Δux=a Δux=a Δuz=0 
C12, C22, C32 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=2b Δuz=0 Δux=0 Δux=0 Δuz=0 
C13, C23, C33 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 Δux=0 Δux=0 Δuz=c 
C44 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 Δux=0 Δux=c Δuz=0 
C55 Δux=0 Δuy=0 Δuz=0 Δux=0 Δuy=0 Δuz=0 Δux=c Δux=0 Δuz=0 
C66 Δux=0 Δuy=0 Δuz=0 Δux=2b Δuy=0 Δuz=0 Δux=0 Δux=0 Δuz=0 
The basic equations of the periodic boundary conditions which are applied to the 
multilayered RVE with fiber breakage are listed in Table 3.3 for each desired constitutive 
coefficient. In Table 3.3, the difference in displacements of the surfaces Ymax/Ymin is 2b 
which is 180 µm where the RVE has two layers. To solve the problem, equations which 
are listed in Table 3.3 are simplified in the FEM form for each desired constitutive 
coefficient as follows 
 
     
, 1,2,3 , ,K K K Ki i ij j j
g
i
u u S x x i j K A B C
K u F
       

(3-8) 
Where  F  is equal to   K Kij j jS x x  and it can be a, 2b or c,  iu  displacement, and [K]
g
the coefficient of displacement. By solving Eq.(3-8), the average stresses and the average 
strains are calculated. 
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3.3 Results and discussion 
To verify the procedure of applying periodic boundary conditions and element types, 
the result in the Ref. [52] was replicated with linear and quadratic tetrahedral elements 
which is non-isotropic material. The obtained results are listed in Table 3.4. By comparing 
the results obtained which are demonstrated in Table 3.4, Figure 3.11, and Figure 3.12, it 
is found that the calculated constitutive coefficients using the linear tetrahedral element 
type have good agreement with the existing literature.  
Figure 3.11: Comparing stress and strain distribution results a) T11 obtained by 
quadratic tetrahedral element [52] b) T11 obtained by linear tetrahedral element c) 
S11 obtained by quadratic tetrahedral element [52] b) S11 obtained by linear 
tetrahedral element 
Additionally, it is observed that the computation time and memory required with the 
linear tetrahedral element type is less (~20%) than the simulation using the quadratic 
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tetrahedral element type. Thus, in this study, all the results are obtained using the linear 
tetrahedral elements. 
Table 3.4: verification of the results with existing literature
Constitutive 
Coefficient 













C11 10.86 9.74 11.06 10.86 
C12 4.62 5.54 4.48 4.65 
C13 6.02 5.95 6.05 6.04 
C33 35.36 35.11 35.02 35.36 
C44 1.85 2.17 2.18 2.05 
C55 1.54 2.1 1.61 1.54 
Figure 3.12: Obtained constitutive coefficients in the present work compare to Ref. 
[52]  
Since the results obtained were verified with the results in the existing literature, the 
effective material properties of the RVE can be obtained with multiple fibers in the pristine 
state and the damaged state by dividing the average stress over the average strain. Multiple 
fibers RVE at pristine state 
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15 Multi-fiber RVE models at pristine state are solved by applying periodic boundary 
conditions and the constitutive matrix was obtained using the method presented in the 
previous section. The mean of constitutive matrix for 15 RVEs can be written as: 
 
8.46 1.27 2.06 0 0 0
1.27 8.46 2.06 0 0 0
2.06 2.06 116.46 0 0 0
0 0 0 4.88 0 0
0 0 0 0 4.87 0












Figure 3.13: Distribution of effective material properties at pristine state 
The distribution of effective material properties at pristine state due to the different fiber 
locations are depicted in Figure 3.13. 
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3.3.1 Introducing void in a unit cell 
The periodic boundary conditions were implemented on the RVEs with different void 
contents and different void shapes. The full matrix of effective material properties and their 
distributions were calculated and the results with 1%, 2%, 3%, and 5% void content were 
evaluated. Figure 3.13 to Figure 3.16 demonstrates the minimum, mean, and maximum 
perturbation of each constitutive coefficient with respect to increasing the void percentage 
in the RVE.  
Figure 3.14: Perturbation of constitutive coefficients due to the voids 
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Figure 3.15: Perturbation of constitutive coefficients due to the voids 
Moreover, Figure 3.13 to Figure 3.16 shows the distributions of each effective material 
property with 3% void content. As it shown in these figures, the effective material 
properties degrades with increasing percentage of void content. As shown in Figure 3.13, 
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the mean value of C11, C12, and C13 for 3% void content are 7.9 GPa, 1.21 GPa, and 1.89 
GPa, respectively. As illustrated in Figure 3.14, the mean value of C22, C32, and C33 for 3% 
void content are 7.9 GPa, 1.88 GPa, and 113 GPa, respectively. 
Figure 3.16: Perturbation of constitutive coefficients due to the voids
As illustrated in Figure 3.14, the mean value of C22, C32, and C33 for 3% void content 
are 7.9 GPa, 1.88 GPa, and 113 GPa, respectively. The change percentage of mean values 
of each effective material property for the RVEs with 1% void is written in Eq.(3-10). 
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Figure 3.17 shows the distributions of effective material properties when the void content 
is 1%.  
 
1%
1.91% 0 0 0
1.31% 1.91% 0 0 0
1.95% 1.68% 0.82% 0 0 0
0 0 0 2.2% 0 0
0 0 0 0 2.2% 0















Figure 3.17: Distribution of effective material properties with 1% void content 
As listed in Eq. (3-10), all the coefficients on the matrix of effective material property 
decreased once the void content is 1%. C11 and C22 were decreased by approximately ~2%, 
and the C33 was decreased by ~0.8% with 1% void content. C33 (fiber direction) have less 
degradation compare to C11, and C22 since fibers contributes to carry the load. All the off-
diagonal coefficients were also degraded due to the presence of voids. C31 and C32 were 
40 
decreased by ~2% and C21 was decreased by ~1%. C31 and C32 have higher degradation 
compare to C21 since the matrix carry the less stresses along perpendicular to fiber direction 
compare to pristine state. C44, C55, and C66 were decreased by almost ~3%. However, the 
degradation of C66 is higher than C55 and C66 since the matrix contributes to carry the load. 
The change percentage of mean values of each effective material property for the RVEs 
with 2% void is written in Eq. (3-11). Figure 3.18 shows the distributions of effective 
material properties when the void content is 2%.  
 
2%
3.9% 0 0 0
2.2% 3.9% 0 0 0
3.3% 3.16% 2.1% 0 0 0
0 0 0 3.81% 0 0
0 0 0 0 3.77% 0















Figure 3.18: Distribution of effective material properties with 2% void content 
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The change percentage of mean values of each effective material property for the RVEs 
with 5% void is written in Eq. (3-12). Figure 3.19 shows the distributions of effective 
material properties when the void content is 2%. 
 
5%
9.4% 0 0 0
6.8% 9.4% 0 0 0
11.2% 11.8% 3.9 0 0 0
0 0 0 8.7% 0 0
0 0 0 0 8.5% 0















Figure 3.19: Distribution of effective material properties with 5% void content 
As listed in Eq. Figure 3.19, all the coefficients on the matrix of effective material 
property decreased once the void content is 5%. C11 and C22 were decreased by 
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approximately ~9%, and the C33 was decreased by ~4%. All the off-diagonal coefficients 
were also degraded due to the presence of voids. C31 and C32 were decreased by ~11% and 
C21 was decreased by ~7%. C44, C55, and C66 were decreased by almost ~9%.  
3.3.2 Engineering constant in presence of voids 
The prediction of effective engineering constants has been evaluated for unidirectional 
composite [128]. The same procedure was followed to quantify the engineering constants. 
Figure 3.20 the effect of void content on the effective engineering constants. As shown in 
Figure 6-8, the transverse elastic modulus (E22) and in-plane shear modulus (G12) have 
good correlations with the literature [79]. In this study, additional information about 
effective engineering constant is quantified using a 3D RVE model. The effective elastic 
properties along the fiber directions (E33) and out-plane shear modulus (G23) and bulk 
modulus (k33) are decreased due to the void. 
Figure 3.20: Engineering constant perturbation due to the voids 
43 
3.3.3 Microscale length model of different angles of fiber breakage 
First, the microscale length model of RVE was employed to simulate fiber breakage 
with different angles of fiber breakage. The effective material properties for One-layer of 
RVE for 45° and 90° fiber breakage are listed in Eq. (3-13) and (3-14) 
 
45
0.90% 0 0 0
0.28% 0.88% 0 0 0
62.10% 57.27% 91.95% 0 0 0
0 0 0 1.15% 0 0
0 0 0 0 1.12% 0

















1.91% 0 0 0
2.14% 1.44% 0 0 0
62.78% 62.54% 92.26% 0 0 0
0 0 0 1.15% 0 0
0 0 0 0 1.10% 0















To assess the effect of fiber breakage location at microscale on material properties, the 
simulations were performed for 45° of fiber breakage. The results were the same as 
previous results for 45° of fiber breakage. In other words, the location of fiber breakage in 
microscale does not affect the effective material properties. Figure 3.21-a shows the 
perturbation of effective material properties due to the different angles of fiber breakage at 
microscale length. As shown in Figure 3.21-a, fiber breakage has a substantial influence 
on C31 and C32. Based on Eq. (3-13) and (3-14), the effect of fiber breakage on other 
coefficients is approximately ignorable compared to C31, C32, and C33. The change 
percentage of C31 was 62.10% and 67.78% 5 for 45˚and 90˚, respectively. The 
perturbations of C33 for 45˚ and 90˚ were 91.95% and 92.26%, respectively. Results verify 
that when the fiber breakage occurs, the composite materials tolerate less load along their 
fiber direction (z-direction) and consequently, the strains increased along load direction 
compared to pristine. Thus, the corresponding material properties, C31, C32, and C33 
degraded more than the other coefficients.  
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Figure 3.21: Effective material properties due to the different angles of fiber 
breakage a) one-layer of RVE b) Two-layer of RVE 
In a practical case, the fiber breakage may occur only in one layer and other layers may 
remain pristine. Then, to conduct further study on the effect of fiber breakage, a two-layer 
model was used in the RVE. Fig. Figure 3.21-b depicts the perturbation of constitutive 
coefficients for different angles of fiber breakage which has been occurred into one layer 
of two-layered of RVE model. Based on Figure 3.21-b, fiber breakage has a significant 
effect on C31, C32, and C33 for different angles of fiber breakage which were decreased by 
nearly ~45% which is 45% less than the previous case since only one layer was damage. 
Like one-layer RVE with fiber breakage, the composite materials withstand less load along 
their fiber direction (z-direction) compared to pristine. Therefore, the material properties 
which are related to fiber direction degraded more. The engineering constants are 
quantified for fiber breakage with 45˚and 90˚. Figure 3.22 demonstrates the engineering 
constants in terms of fiber breakage angle. 
Figure 3.22: Engineering constants for different angles of fiber breakage 
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The results for engineering constants verified that the fiber breakage with 90˚ has lower 
elastic modulus along fiber direction and perpendicular to fiber direction as well as shear 
modulus compare to other angles of fiber breakage. This observation is as a result of more 
local damage at 90˚and fibers provides less strength to composite materials compare to 45. 
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CHAPTER 4 
EFFECT OF MATERIAL DEGRADATION DUE TO PRECURSOR 
DAMAGES ON THE STRENGTH OF COMPOSITE PLATEs WITH 
OPEN HOLES 
4.1 Peridynamic Theory 
The PD theory is defined based on the interaction of a material point with other material 
points within a certain distance. This certain distance, H, is called the “horizon” of material 
point 𝑥, introduced by radius δ. All the material points (?́?) placed within the horizon are 
called “family members” of 𝑥. In Figure 4.1, 𝑥 and 𝑦 are the un-deformed and deformed 
configuration of material points, respectively. For a bond-based theory, the interaction 
forces between the material point 𝑥 and its family member ?́? are defined by a pair of forces 
𝑓 which are in the opposite direction with identical magnitude. In the PD theory, the 
integral form of the equations of motion is used compare to its differential representation. 
The result of equations of motion are valid in the entire domain, even in the presence of 
discontinuity, since the calculation of derivatives of displacement is not required. The 
equations of motion of the PD theory is expressed in Eq. (4-1).  
Where ρ is the material point density at x, 𝑢 and ?́? are the displacements of material 
point 𝑋 and ?́? at time t, the volume of the material point is expressed by 𝑑𝑉?́?, and b(X,t) is 
the body force. 
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Figure 4.1: Un-deformed and deformed state configuration of x and its family 
member 
       , , , ,X
H
x u X t f dV b X t x R       (4-1) 
As shown in Figure 4.1, the pairwise force is considered between the material point X 
and X´ which is dependent on the relative position at un-deformed state (ζ) and deformed 
state (η) at time t. The relative position at the un-deformed and the deformed state are given 
as 
   , , ,X X u X t u X t       (4-2) 
The pairwise force vector f  is defined as the following 
 , ,f cs Y Y
 
    
 

   

(4-3) 
According to the bond-based PD theory, 𝜇 is a parameter showing the status of a bond 
(Intact or broken). The parameter c indicates the bond constant, and s is the bond stretch 









As indicated in Eq. (4-2) and Eq. (4-3),   is the bond length at the un-deformed state 
and    is the bond length after deformation. When the stretch between material points 









Where G0 is the energy release rate of the material point. The bond status parameter is 
defined as Eq. (4-6) 
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4.2 Numerical solutions and composite modeling 
Numerical solutions are required to solve Eq. (4-1) using the PD method. To calculate 
the integral term of the internal force, the composite structure should be discretized with 
the number of material points. Thus, the integral term in Eq. (4-1) is replaced with a finite 
summation. The equations of motion can be rewritten as [106]: 
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    
 
1
, , , ,
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n n n n n n n
i iq m m i i m i m i
m
u f u X t u X t X X t V b

   
(4-8) 
Where superscript n  indicates the time step number, subscript i denotes the material 
point 
iX , summation range M(i) is the number of associated family members of material 
point 
iX , and iqf indicates the interactions between material point iX and its associated
family member. To discretize the left-hand side, the explicit central finite difference 
method is used. 
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Where Δt is a constant time step that is required to satisfy the stability condition. In this 







































In an isotropic material, the interaction forces between the material points within the 
horizon are independent of direction. However, it is required to consider the directional 
dependency in the composite structure to calculate these forces. Therefore, to model a 
fiber-reinforced composite structure which fiber direction is 𝛾, two different bond 
constants should be defined. These bond constants are called fiber bond and matrix bond. 
As depicted in Figure 4.2, the fiber bond describes interaction between two material points 
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along fiber direction. However, the matrix bond introduces the interaction between the 
material points which are not along fiber direction. The fiber bond constant is indicated by 
cf while the matrix bond constant is denoted by cm. The fiber direction is specified by 𝛾.  
Figure 4.2: Fiber bond and matrix bond configuration in unidirectional composite 
The fiber bond and matrix bond are expressed by (4-12): 
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Where E1 and E2 are the elastic material properties of the unidirectional composite, ζmi 
is the distance between the material points iX , and q is the total number of material points 
along fiber direction, and l is the thickness of the unidirectional composites. The bond 
constant c is obtained based on directional dependency. Eq. (4-13) can be written for 













The critical stretch for a unidirectional composite is dependent on fiber direction. The 
critical stretch can be defined based on fiber bond and matrix bond. The critical stretch for 







c c   
 
(4-14) 
In Eq.(4-14), the critical energy release rates are denoted by Gm, and Gf, respectively. 
4.3 Results and discussion 
The peridynamic technique is applied to the unidirectional composite plates containing 
one, two, and four open holes with different orientations. The effects of the hole 
orientations and fiber direction are studied on the strength of the composite plates and crack 
propagation. To validate the PD results, the strength and crack propagation path of the 
open-hole composite plates are compared to the results of the experimental study. 
Furthermore, the effects of the degraded material properties on the strength of 
unidirectional composite plates are considered. To conduct this study, the degraded 
material properties are used to calculate the updated bond constant around the holes.  
4.3.1 Geometry of problem 
The unidirectional plates with 12-inch in length, 1.5-inch in width, and 0.059-inch in 
thickness with five different hole configurations are considered in the present study. All 
hole diameters are ¼-inch and the distance between holes is 0.75-inch side by side. Figure 
4.3 to Figure 4.5 illustrates the problem geometry adopted in this study. As shown in Figure 
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4.3 illustrates different orientations of open-hole unidirectional plates with 0˚ fiber 
direction.  
Figure 4.3: Different orientations of open-hole unidirectional composite plates with 
0˚ fiber direction 
Figure 4.4: Different orientations of open-hole unidirectional composite plates with 
45˚ fiber direction 
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Figure 4.5: Different orientations of open-hole unidirectional composite plates with 
90˚ fiber direction 
Figure 4.4, Figure 4.5 depict different orientations of open-hole unidirectional plates 
with 45˚, 90˚ fiber direction, respectively. 
4.3.2 Peridynamic simulations 
A uniform space discretization is employed in this technique in such way that all the 
nodes have an identical volume. The model has 0.8 mm × 0.8 mm grid spacing. The 
unidirectional plates under the uniform velocity of 2 m/s. The time step is selected Δt= 
2×10-8 s. The material properties of the unidirectional composite are listed in Table 4.1. 
Table 4.1: The material properties of unidirectional composite materials 
E1 (GPa) E2 (GPa) ν12 Density (Kg/m
3) 
116 8.5 0.33 1580 
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The peridynamic method was applied to the unidirectional composite plate with one 
hole for 0˚, 45˚, and 90˚ fiber direction. The obtained results are depicted in  
Figure 4.6: Observation of crack propagation in unidirectional composite plates 
with one hole for three different fiber directions a) 0˚ b) 45˚ c) 90˚ 
The obtained PD result for unidirectional composite with one hole has a good agreement 
with the literature [119]. Based on the results obtained, it is found that the failure load of 
the unidirectional composite plate with 0˚ fiber direction is higher than the unidirectional 
composite plates with 45 and 90˚ fiber directions, as shown in Figure 4.6. This can be as a 
result of applied load direction on the composite plates. For the plate with 0˚ fiber direction, 
the applied load is along fiber direction. Therefore, the load is mostly carried out through 
the fibers. However, fiber and matrix contribute to carrying the load in the unidirectional 
plates with 45˚, and 90˚ fiber directions. 
Succeeding the study, the unidirectional composite plates with 0, 45, and 90 fiber 
directions with two horizontal holes, two vertical holes, four holes with a square array, and 
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four holes with a diamond array were simulated by the PD technique. As illustrated in 
Figure 4.7 to Figure 4.10, the crack propagated along the fiber direction.  
Figure 4.7 shows the crack propagation and applied load of the unidirectional plates 
with two horizontal holes with three different fiber directions. As depicted in this figure, 
the failure load of the plates with 90˚ are lower than the plates with 45˚, and 0˚. Moreover, 
for plates with 0˚ fiber direction, the results showed that cracks started initiating from one 
side of holes. Cracks were not propagating between two holes once the cracks which were 
already initiated and propagated reach to the end of the plates.  
Figure 4.8 depicts crack paths and failure load of unidirectional plates with two 
horizontal holes with three different fiber directions. As shown in this figure, the failure 
loads were calculated for three different fiber directions.  
Figure 4.7: Observation of crack propagation in unidirectional composite plates 
with two horizontal holes for three different fiber directions a) 0˚ b) 45˚ c) 90 
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Figure 4.8: Observation of crack propagation in unidirectional composite plates 
with two vertical holes for three different fiber directions a) 0˚ b) 45˚ c) 90 
For plates with 90˚ fiber direction, the results showed that cracks started initiating from 
one side of holes. Once the cracks reach to the end of the plates, the new crack cites started 
initiating on another side of holes. Furthermore, the results showed that the final failure 
load for the plate with 2 horizontal holes are higher than 2 vertical holes with the same 
fiber direction due to the locations of holes. The holes are closer to the edges in plates with 
2 vertical holes rather than the plates with 2 horizontal holes. Hence, the crack started 
initiating in lower loads. The final failures were calculated at 4700 lbf, 473 lbf, and 321 lbf 
for the plates with 2 horizontal holes with 0, 45, and 90 fiber direction respectively. On the 
other hand, the failure loads were obtained 3600 lbf, 444 lbf, and 300 lbf for the plates with 
2 vertical holes with 0, 45, and 90 fiber direction respectively.  
Figure 4.9 and Figure 4.10 show the crack propagation and applied load of 
unidirectional plates with four holes, with a square and, diamond configurations for three 
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different fiber directions. As illustrated in these figures, crack only started initiating 
between holes when cracks that have previously started initiating to reach to the edges of 
the plates.  
Figure 4.9: Observation of crack propagation in unidirectional composite plates 
with 4 holes with a square array for three different fiber directions a) 0˚ b) 45˚ c) 90 
Figure 4.10: Observation of crack propagation in unidirectional composite plates 
with 4 holes with a diamond array for three different fiber directions a) 0˚ b) 45˚ c) 
90 
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Based on the results, the finial failure loads of unidirectional plates with the square 
array for each fiber direction are higher than finial failure loads of unidirectional plates 
with the diamond configurations. The final failures were calculated 4000 lbf, 439 lbf, and 
268 lbf for the plates with the square hole orientation with 0, 45, and 90 fiber direction 
respectively. On other hand, the failure loads were obtained 2900 lbf, 310 lbf, and 202 lbf 
for the plates with the diamond hole orientation and with 0, 45, and 90 fiber direction 
respectively.  
4.3.3 Validation 
The experimental study was carried out to validate the PD simulation results. Three 
specimens for each case were planned for tensile testing. As shown in Figure 4.11 to Figure 
4.13, the experimental study was designed for 5 different holes configurations with 0˚, 45˚, 
and 90˚ unidirectional composite plate.  
Figure 4.11: Unidirectional composite samples with 0° fiber direction with different 
hole orientations 
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Figure 4.12: Unidirectional composite samples with 45° fiber direction with 
different hole orientations 
Figure 4.13: Unidirectional composite samples with 90° fiber direction with 
different hole orientations 
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The tabs were attached to the specimens with Epoxy 9394 from Loctite (48 h curing 
time). Specimens were tested with the tensile–tensile fatigue loading on an MTS 810 
machine. The increment of load was 0.5 lbf/s. To validate the obtained PD results, the 
numerical simulations are compared to the experimental study. The specimens are scanned 
with the scanning Acoustic microscope (SAM). The results obtained are presented at 
Figure 4.14 to Figure 4.17 
Figure 4.14: Comparison of crack propagation in unidirectional plates with 2 
horizontal holes a) 0˚ b) 45˚ c) 90˚ fiber directions 
Evidently, the crack paths obtained from PD simulations followed the same pattern as 
experimental study. This showed that PD simulation can predict the crack path accurately. 
As depicted in Figure 4.14, the crack path has for the unidirectional plates with 2 horizontal 
holes with 0˚, 45˚, and 90˚ fiber directions which have a good agreement with PD 
simulations. The tensile test was performed and the failure loads of unidirectional plates 
with different holes orientation with 45˚and 90˚ fiber direction are obtained and compared 
with PD simulations. 
61 
Figure 4.15: Comparison of crack propagation in unidirectional plates with 2 
vertical holes a) 0˚ b) 45˚ c) 90˚ fiber directions 
Figure 4.16: Comparison of crack propagation in unidirectional plates with 4 holes 
(square array) a) 0˚ b) 45˚ c) 90˚ fiber directions 
The failure loads data are listed in 
Table 4.2. Figure 4.18 shows the comparison of failure loads of the unidirectional plates 
with different holes orientations 
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Figure 4.17: Comparison of crack propagation in unidirectional plates with 4 holes 
(diamond array) a) 0˚ b)45˚ c) 90˚ fiber directions 
Table 4.2: Failure loads of unidirectional plates with different holes orientations and 
fiber direction obtained by tensile test 
Hole orientations Fiber direction Failure loads (lbf) 
Two horizontal holes 
45˚ 444 
90˚ 302 
Two vertical holes 
45˚ 420 
90˚ 274.5 
4 holes with square array 
45˚ 417 
90˚ 256.5 




Figure 4.18: Comparison of failure loads of PD simulations and experiments 
4.3.4 Effect of degraded martial properties on strength of UD plates with an open-
hole 
Making holes in composite materials may cause material degradation at the vicinity of 
their edges. Consideration of degraded material properties around the hole edges is 
necessary to predict the strength of unidirectional composite plate with an open hole 
accurately. In this study, the degraded material properties is applied to the problem using 
recalculating bond constant for those material points which degrade and they are located 
around the hole edge. Figure 4.19 shows location of considered material degradation 
around the hole. The engineering constants for unidirectional composite plates were 
calculated in section 3.3.2. Hence, the updated bond constants for degraded material points 
are calculated using Eq. (4-12). In this study the bond constants are calculated when the 
degraded area has 1%, 2%, and 3% void content. The PD method was employed using 
updated bond constant for the degraded area. Figure 4.20 depicted change percentage of 
failure loads in degraded unidirectional plates and pristine ones.  
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Figure 4.19: Degraded material properties area 
Figure 4.20: Perturbation of failure loads of degraded unidirectional plates in 
comparison of pristine plates 
The results are listed in Table 4.3. As listed in this table, The results showed that the 
degraded material properties has less effect on the unidirectional plates with 0˚ fiber 
direction in comparison to the composite plates with 45˚, and 90˚ fiber direction since the 
void content has less effect on the elastic modulus along the fiber directions.  
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Table 4.3: Effect of degraded material properties on failure loads of unidirectional 
composite plate with an open hole 
















5.1 Quantification of material degradation 
In this dissertation, a method was developed to calculate the effective material 
properties of the composite material in presence of different types of distributed damages 
such as voids and fiber breakage using the finite element method. A 3D multi-fiber of RVE 
was considered to observe the effect of different void content, different locations of 
constant void, void shape and different angle of fiber breakage. Periodic boundary 
conditions were applied to compute the effective material properties. The results showed 
that all the effective material properties were decreased with the increment of void content. 
Additionally, the distributions of each effective material properties were calculated using 
modeling different locations, shapes of void content when the percentage of void content. 
 For 1% void, C11 and C22 were decreased by approximately ~2%, and the C33
was decreased by ~0.8% with 1% void content. C33 (fiber direction) have
less degradation compare to C11, and C22 since fibers contributes to carry the
load. All the off-diagonal coefficients were also degraded due to the presence
of voids. C31 and C32 were decreased by ~2% and C21 was decreased by ~1%.
C31 and C32 have higher degradation compare to C21 since the matrix carry
the less stresses along perpendicular to fiber direction compare to pristine
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state. C44, C55, and C66 were decreased by almost ~3%. However, the 
degradation of C66 is higher than C55 and C66 since the matrix contributes to 
carry the load. 
 For 5% void content, C11 and C22 were decreased by approximately ~9%,
and the C33 was decreased by ~4%. All the off-diagonal coefficients were
also degraded due to the presence of voids. C31 and C32 were decreased by
~11% and C21 was decreased by ~7%. C44, C55, and C66 were decreased by
almost ~9%.
 The results showed that all the effective material properties were decreased
with the increment of void content. Based on the results, the void content has
a significant effect on C31, C32 and a minor effect on C33.
 For further study, the different angles of fiber breakage were considered in
two different models of RVEs. In both cases, the fiber breakage had a
significant effect on C31, C32, and C33.
 The results showed that the different void locations, sizes, and shapes have
an effect on the effective material properties. Therefore, in this study, the
distributions of effective material properties were studded.
 The study confirmed that each effective material property degraded by
different percentages.




5.2 Effect of degraded material properties on the strength of composite plates with 
open holes 
The degraded material properties are required to accurately determine the strength of 
unidirectional composite plates with open holes. Hence, the peridynamic method was 
employed on the unidirectional composite plate with five different hole configurations to 
calculate the strength of unidirectional composite plate with different fiber direction. 
Furthermore, the effects of hole orientation and fiber direction were studied on strength of 
plates and the crack propagation. The PD results were validated with the experiment 
results. The results showed that the PD method could successfully determine the strength 
of unidirectional plates with different fiber directions and hole orientations. The PD results 
were also predicted the crack path for the unidirectional composite plates and they were in 
a good agreement with experimental results. Next, the effect of degraded material 
properties on the strength of composite plates with an open hole were studied.  
 In the unidirectional composite plates with one hole, the failure load of the 
plate with 0˚ fiber direction is higher than the plates with 45 and 90˚ fiber 
directions since the applied load is along fiber direction. Hence, the load is 
mostly carried out through the fibers. However, fiber and matrix contribute 
to carrying the load in the unidirectional plates with 45˚, and 90˚ fiber 
directions and matrix has less strength rather to fibers. 
 The study showed that the strength of unidirectional plates with two 
horizontal holes are higher than the plates with two vertical holes.  
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 Based on the results, the finial failure loads of unidirectional plates with the 
square array for each fiber direction are higher than finial failure loads of 
unidirectional plates with the diamond configurations 
 For unidirectional plate with two horizontal holes, the failure load of the 
plates with 90˚ are lower than the plates with 45˚, and 0˚. Moreover, for 
plates with 0˚ fiber direction, the results showed that cracks started initiating 
from one side of holes. Cracks were not propagating between two holes 
once the cracks which were already initiated and propagated reach to the 
end of the plates. 
 The results showed that the degraded material properties has less effect on 
the unidirectional plates with 0˚ fiber direction in comparison to the 
composite plates with 45˚, and 90˚ fiber direction since the void content has 




6. CHAPTER 6 
MIS·CEL·LA·NE·OUS WOR: GENERALIZED DISPERSION 
EQUATIONS FOR RAYLEIGH-LAMB AND SHEAR HORIZONTAL 
WAVES FOR CORRUGATED WAVEGUIDES
 
Abstract 
Corrugated waveguides are periodic structures that exhibit important acoustic features 
such as bandgaps, and thus, exhibit the ability to filter acoustic and ultrasonic frequencies. 
By varying the mean thickness, corrugation height, and periodicity, one can vary their 
bandgaps, and hence, their propagation modes. This study aims to obtain a generalized 
Rayleigh–Lamb equation for corrugated waveguides such that a single equation is 
sufficient for both flat waveguides such as plates as well as corrugated and tapered ones. 
Further, the objective was to understand the effects of the corrugation height, periodicity, 
and mean thickness on the band structures to allow for the physics-based predictive design 
of wave filters. The dispersion relationships were determined using the Bloch–Floquet 
theorem for the scalar and vector potentials of the Helmholtz decomposition. The equations 
for these relationships were then solved using a logical root-finding algorithm. To verify 
the obtained expression, guided waveband structures were modeled based on the 
generalized Rayleigh–Lamb equation by setting the corrugation height to zero. The 
analytical solutions were validated through a comparison with the results of finite element 
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simulations. Finally, the effects of the corrugation height and periodicity on the propagation 
and evanescent wave modes were also studied.   
Keywords: wave propagation, generalized Rayleigh waves, elastodynamics, corrugated 
structure, periodic structure, metamaterials 
6.1 Introduction 
For decades, researchers have been trying to create innovative technologies that can help 
protect industrial structures [130-133], cities (within the concept of smart cities), and even 
human organs from the harmful effects of acoustic and impact-generated stress waves. 
Hence, the phenomena of impact mitigation, energy absorption, and wave trapping, to 
name a few, have been explored based on manmade materials such as metamaterials and 
periodic structures. Impact mitigation is one of the primary methods of mitigating the 
detrimental effects of the shock waves generated by impacts on structures, structural 
components, and even the human body [134]. Several methods have been developed since 
the 1960s for improving the shock mitigation characteristics of materials and minimizing 
the peak amplitude of the generated shock waves. For instance, sandwich-like structures 
with fluid-impregnated foam [135] are used for blast mitigation. Foam cores with filler 
materials such as aerogels, soda-lime glass beads, glycerin, and tuff [136, 137] along with 
multiresonators [138] have also been used. Recently, the development of negative mass 
density metamaterials was reported [139-141] for mitigating low-frequency shock waves 
for impact mitigation. Metamaterials are characterized by their outstanding material 
properties, which are not found commonly in natural materials.  
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Energy absorbers are used almost in all aerospace structures such as space shuttles, 
satellites, and rocket components. These structures can absorb energy in two ways [142]: 
through an irreversible deformation and via friction or damping. Energy-absorbent 
structures are fabricated using energy-absorbent materials. Foams [143], structures with 
collapsible mechanisms [144, 145], bistable structures [146-148], periodic structures such 
as honeycombs, and structures combining foam materials and periodic structures [145] are 
all examples of such materials and structures. Although researchers were able to create 
some structure for impact mitigation, evolution through natural selection has resulted in 
several animals, such as birds, exhibiting energy-absorbing mechanisms in different parts 
of their bodies. 
In recent years, researchers have studied the anatomy of the skull of woodpeckers with 
the aim of understanding how they can withstand the strong shockwaves generated from 
the impact of their beaks on wood substrates at 1000 g i.e. 1000 time of gravitational 
acceleration and not undergo damage to the brain [149-151]. It has been reported that a 
woodpecker’s skull has a specific mechanism for absorbing the shockwaves and 
minimizing damage. There have been several studies at the microscopic and nanoscopic 
scales on the skull and beak of woodpeckers. These studies showed that the woodpecker’s 
ability to withstand large shockwaves is related to the microstructure of their cancellous 
frontal skull bone and the unique architecture of their hyoid bone [152]. This microstructure 
starts at the front bottom of the beak and then, near the facial structure, splits into two 
tapered arcs, which surround the woodpecker’s skull, finally ending at the upper end of the 
facial structure at the top end of the beak. This microstructure can effectively absorb 75% 
of the stress [153] that propagates to the woodpecker’s brain.  
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Other studies have shown that, at the lower scale, the beak structure is composed of 
corrugated structural joints that are like stitches.  
These microstructures form a corrugated mesh around the brain and are shaped such 
that they support and protect the brain [150-152]. The bones in the human skull are also 
stitched together in a similar corrugated manner. This helps them block certain lower-
frequency stress waves otherwise they were not necessary. Hence, the use of bioinspired 
structures based on those found in nature could help mitigate the harmful effects of the 
high-impact stress waves on both structures and human organs and help prevent 
undesirable phenomena such as concussions in the human brain. In addition, understanding 
the underlying physics of these features could lead to the development of impact mitigation 
systems for cars and airplanes. To this end, the corrugated structure like stitches are 
essential component for impact mitigation and hence, it is essential to understand wave 
propagation in corrugated media. In the following paragraph background of wave 
propagation in corrugated media is discussed. 
Corrugated waveguides have been a topic of interest for decades. Researchers have 
studied electromagnetic wave propagation in corrugated waveguides [154, 155] with a very 
high degree of corrugation as well as the stopbands of sinusoidally corrugated plates [156]. 
El-Bahrawy [157] studied elastic wave propagation in a sinusoidally corrugated plate with 
symmetric Rayleigh–Lamb modes. However, as the depth of corrugation approached zero, 
the passband and stopband did not disappear; this was in contradiction of the previously 
reported experimental and theoretical results for plates with plane boundaries. Later, El-
Bahrawy [158] derived the wave propagation equation in an elastic half-space for a doubly 
corrugated surface. Nico et al. [159] studied the diffraction of homogeneous and 
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inhomogeneous plane waves on a doubly corrugated liquid/solid interface. They showed 
that the theory for the diffraction of sound by one-dimensional corrugated surfaces can be 
extended to two-dimensional corrugated surfaces as well but stop band did not disappear 
when corrugation approached zero. 
To overcome the limitation, Banerjee and Kundu [160] reformulated the problem by 
considering the P-wave and S-wave potentials and studied the symmetric and 
antisymmetric Rayleigh–Lamb modes in sinusoidally corrugated plates. They observed 
passbands corresponding to both modes, which exhibited cut-on resonance along the 
direction of wave propagation. Kundu et. al. [161] performed experiments to quantify the 
stopbands and passbands for corrugated waveguides and compared the obtained results 
with those based on theoretical predictions [160]. The experimental results [161] confirmed 
that an elastic wave can propagate at the passband frequency but cannot propagate at the 
stopband one. Later, Das et al. [162] studied the interactions between bounded ultrasonic 
beams and corrugated plates using the distributed point source method. Their observations 
were validated by the experimental results. They reported that the strength of the reflected 
beam in the case of a planar waveguide is higher than that for corrugated plates. Further, 
the degree of backward scattering was weaker for the planar waveguides as compared to 
that for the corrugated plates.  
Recently, the effects of the initial stress on the shear waves in a periodic waveguide with 
a small degree of corrugation were reported by Hawwa [163], who found that corrugated 
surfaces with small wavelengths have a greater effect on the wave phase speed as compared 
to corrugated surfaces with large wavelengths. The acoustic bandgaps in composite 
structures were studied by Kushwaha [164] whereas Huang et al. [165] investigated the 
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effects of plate symmetry on the defect states of shear horizontal (SH) waves propagating 
in periodically corrugated piezoelectric plates with square corrugation. They reported that, 
with an increase in the defect size, the frequency of the defect bands decreases.  
Although corrugated waveguides have been studied in depth, a generalized expression 
for Rayleigh–Lamb and SH waves is still not available. In the case of most recently 
reported expressions [160, 161], the stopbands disappear when the corrugation depth is 
zero. However, the dispersion behavior in planar waveguides cannot be analyzed using the 
Rayleigh–Lamb equation. Hence, the following question arises: is it possible to obtain a 
generalized expression for guided waves that is applicable for both planar waveguides ( =
0) and corrugated plates ( > 0). In addition, while the stopbands and passbands of the 
Rayleigh–Lamb wave modes in corrugated waveguides have been studied extensively 
[157, 158, 160], the effects of the corrugation height and periodicity are not yet fully 
understood. Therefore, a generalized expression that is applicable for any depth of 
corrugation, any corrugation wavelength, and for any mean plate thickness is needed. 
Moreover, quantitative studies are necessary to understand the effects of different types of 
corrugations on the bandgaps of the corresponding media and the wave modes that can pass 
readily through these media. 
In this paper, we report a generalized mathematical expression for Rayleigh–Lamb and 
SH wave propagation in media with and without corrugation. The equations for Rayleigh–
Lamb and SH wave propagation in corrugated plates are derived analytically using scalar 
and vector potential functions. By solving the dispersion equations, the dispersion curves 
for the corrugated waveguides for propagating and evanescent waves could be obtained. 
Waveguides with different periodicities and different corrugation heights were analyzed 
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using the generalized expression. To confirm the validity of the expression, first, the 
Rayleigh–Lamb wave and SH wave dispersion band structures were compared using the 
conventional dispersion equation and the proposed generalized dispersion equation ( =
0). Further, to confirm the results, the dispersion curves obtained based on the analytical 
solution were compared to those obtained using a finite element model. Next, the bandgaps 
for different corrugation heights and periodicities were studied. The governing equation 
for Rayleigh–Lamb wave and SH wave propagation and the boundary conditions for 
corrugated waveguides are discussed. Verification of the results, the dispersion curve for 
different corrugations, and bandgap study are explained in the results and discussion 
section. 
6.2 Underlying theory 
To study Rayleigh-Lamb wave and SH wave propagation, let us consider a periodically 
corrugated elastic waveguide plate with isotropic and homogenous material properties. 
Figure 6.1 shows a schematic of the corrugated plate. As can be seen in the figure, h is half 
of the average thickness of the plate, which is d. The corrugation depth is ε whereas e is 
the corrugation coefficient, which is to be multiplied with h to control the corrugation 
depth. The wavelength of the periodic waveguide is D. The governing equation of motion 
can be written in the Cartesian coordinate system. The equations for the surfaces (top with 
+ and bottom with -) of the plate can be written as  
𝑥2
+ = ℎ + cos(2𝜋 𝑥1 𝐷⁄ ) 
𝑥2







Figure 6.1: Schematic of corrugated plate. 
where −𝐷 2⁄ ≤ 𝑥1 ≤ 𝐷 2⁄  and  = 𝑒ℎ.  Further, the  positive and negative superscripts 
represent the top and bottom surfaces, respectively. The fundamental equation of motion 
or the Navier’s equation for isotropic solids can be written as  
(𝜆 + 2𝜇)𝑢𝑗,𝑗𝑖 − 𝜇  ∈𝑖𝑗𝑘 ∈𝑘𝑝𝑞  𝑢𝑞,𝑝𝑗 + 𝑓𝑖 = 𝜌 ?̈?𝑖 
(6-2) 
where 𝜆 and 𝜇 are the Lamé constants,   is the permutation symbol, and iu  is the 
displacement field. To derive the stress and displacement equations for Rayleigh–Lamb 
wave propagation, both compressional waves (P-waves) and shear waves (SV-waves) are 
considered. On applying the Helmholtz decomposition, 𝑢𝑖 = 𝜙𝑖 +∈𝑖𝑗𝑘  𝜓𝑘,𝑗 , where 𝜙 and 
𝜓 are two potential functions. Eq. (6-2) can be divided into two Helmholtz equations for a 






2 𝜙 = 0 and ∇2𝜓 + 𝑘𝑠
2 𝜓 = 0 (6-3) 
 To obtain Eq. (6-3), it is assumed that plane harmonic monochromatic waves propagate 
through the structure in Figure 6.1, such that the time-harmonic part of the potentials is 
𝑒−𝑖𝜔𝑡. A solution for Eq. (6-3) for periodically corrugated media can be obtained using the 
Bloch theorem [166]. When studying waves in phononic crystals [167], the Bloch theorem 
is used directly with the displacement field 𝑢𝑖(𝑥𝑗) = 𝐴 𝑒
𝑖(𝑘.𝑥+𝐺.𝑥), where 𝐺 =
2𝜋𝑛
𝐷
 and D is 
the periodicity of the structure or the length of a single wave in the periodic structure. 
Further, n take the values 0, ± 1, ± 2,  ± 3. In the present study, the Bloch theorem was 
used directly with the potential functions, 𝜙 and 𝜓, which automatically satisfy the 
governing equation of motion.  
All the up-going and down-going P-waves and SV-waves can be written in terms of the 
scalar and vector potential functions, which are given by Eqs. (6-4) and (6-5), respectively. 
As can be seen from Figure 6.1, the plate exhibits periodicity only along the 𝑥1-axis. Thus, 
the Bloch potentials are assumed only for the 𝑥1-axis. To determine the time harmonic part 




































where k is the fundamental component of the wavenumber along the 𝑥1-axis, 𝜂𝑛 is the 
n-th component of the P-wave wavenumber in the x2-direction (Eq. (6-4)), and 𝛽𝑛 is the n-
th wavenumber component in the x2-direction for the SV-waves (Eq. (6-5)). The amplitudes 
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of the wave modes are designated as A and B for the longitudinal and shear waves, 
respectively. Subscript P corresponds to longitudinal waves and SV for shear vertical 
waves in the 𝑥1 − 𝑥2 plane, whereas subscript 𝑢 corresponds to the up-going waves and 𝑑 
to the down-going waves. Further, 𝑛 is used to distinguish the n-th wave mode.  
𝜂𝑛 = √𝑘𝑝


















In Eqs. (6-6) and (6-7), kp=ω/cp is the P-wave number and ks=ω/cs is the SV-wave 




 whereas the S-wave speed in the medium is 𝑐𝑠 = √
𝜇
𝜌
. The mass density of 
the elastic material is ρ. The displacement field can be defined using the Stokes-
Helmholtz decomposition for in-plane-wave propagation, as shown below. Here, the 


























)      𝑖, 𝑗 = 1,2 
(6-9) 
Further, the stress-strain relation for a linear elastic material can be written as 
𝜎𝑖𝑗 = 2𝜇 𝑖𝑗 + 𝜆 𝑘𝑘𝛿𝑖𝑗 (6-10) 
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Using the potentials in Eqs. (6-4) and (6-5) and by substituting Eqs. (6-8) and (6-9) into 



















































Similarly, in the case of SH waves, it is assumed that the waves propagate in the 𝑥1 −
𝑥2 plane. However, the particles are displaced along the x3-direction. In other words, 
u1=u2=0 and u3 is nonzero. If the displacements are substituted in Eq. (2), the following 
equation is obtained for harmonic SH waves: 
∇2𝑢3 + 𝑘𝑠
2 𝑢3 = 0 (6-12) 

















The displacement field for SH waves can only generate the following shear stresses: 

































6.3 Boundary conditions and dispersion equations 
Traction-free boundary conditions are applied to the upper (𝑥2
+) and lower (𝑥2
−) surfaces 
of the corrugated plate. As stated previously, the upper and lower surfaces of the corrugated 
plate are given by Eq. (1). To derive the normal and shear stresses on these surfaces, the 
acting stresses on x1-x2 plane should be transformed along the normal and tangential 
directions of on these surfaces. The direction cosine of angles between The projections of 
the normal unit vector are given by n1 and n2. Note that n1 and n2 are the cosine direction 
of angles the projections of the normal unit vector along the x1- and x2-directions, 
respectively. These equations can be written as follows: 
𝑛1 =
(2𝜋𝜀 𝐷⁄ )sin(2𝜋𝑥1 𝐷⁄ )











−(2𝜋𝜀 𝐷⁄ )sin(2𝜋𝑥1 𝐷⁄ )









  (6-15) 
 
Using Eq. (6-15), a transformation matrix can be constructed to transform the local 
stresses into the transformed coordinate system, 𝑥1
′ , 𝑥2
′ , and 𝑥3. The transformation matrix, 































2 + 2𝜎12𝑛1𝑛2 (𝜎22 − 𝜎11)𝑛1𝑛2 + 𝜎12(𝑛1
2 − 𝑛2
2) 𝜎13𝑛1 + 𝜎23𝑛2




2 − 2𝜎12𝑛1𝑛2 −𝜎13𝑛2 + 𝜎23𝑛1




For Lamb wave and SH wave propagation, with respect to the general boundary 
conditions for determining the traction-free boundary conditions at the upper and lower 
surfaces, the appropriate stresses should be made zero. For Lamb wave propagation, the 
stresses that must be zero are 𝜎′11 and 𝜎
′
12. However, for SH wave propagation, only 𝜎
′
13 
needs to be equal to zero. The boundary conditions, which are given in Eq. (6-16), are not 
defined well enough to allow one to find the solutions for the equations for dispersion 
relationships for a corrugated plate. Owing to the Bloch expansion of the wave function, it 
is necessary to apply the orthogonality principle. Hence, the corresponding boundary 
conditions for Lamb wave and SH wave propagation are multiplied with the normalized 














, respectively. Subsequently, the 
boundary conditions need to be integrated along x1 over the period of corrugation of the 
plate. By doing so, one can impose the conditions of orthogonality on the boundary 
conditions. Thus, the resultant equations are transferred to the wavenumber-frequency 
domain. For Lamb wave propagation, the orthogonality-imposed boundary conditions can 








































For SH wave propagation, the orthogonality-imposed boundary conditions can be 
expressed by 




























 𝑑𝑥1 are automatically equal to zero for the first Bloch 
mode, 𝑛 = 0. Hence, the stress equations with the fundamental solution for wavenumber 
𝑘 along 𝑥1 axis using 𝑛 = 0, with one period of corrugation the stresses on the upper and 
lower surfaces of the corrugated plate can be expressed by Eqs. (6-19) and (6-20) for Lamb 


















(−2𝜇𝑘2 − 𝜆(𝑘2 + 𝛽2))𝐴𝑝𝑢0𝑒







(−2𝜇𝜂2 − 𝜆(𝑘2 + 𝛽2))𝐴𝑝𝑢0𝑒








































In the above equation, the wavenumber, 𝑘, along the 𝑥1-axis is the fundamental 
wavenumber of the corrugated waveguide. However, according to the Bloch theorem, if 𝑘 





  are also solutions of the system for all other values of n  n    . Thus, by 
imposing 𝑛 = 0 in the Bloch solution for the fundamental modes, Eqs. (6-19) and (6-20) 
can be rewritten for the top, 𝑥2
+, and bottom, 𝑥2
−, surfaces. After solving the integrals in Eq. 




𝐶11 𝐶12 𝐶13 𝐶14
𝐶21 𝐶22 𝐶23 𝐶24
𝐶31 𝐶32 𝐶33 𝐶34






] = 0 (6-21) 
where the generalized coefficients in the matrix for a corrugated or planar waveguide with 
a height of corrugation  are expressed as 





+ (2𝑘2 − 𝑘𝑠
2)𝐽0( 𝜂)]  𝐸  
(6-22) 





+ (2𝑘2 − 𝑘𝑠
2)𝐽0( 𝜂)]  𝐸
−1 
𝐶13 = 𝜇𝐷 [−2𝑘𝛽𝐵 (𝑇
𝐽1( 𝛽)
𝛽




− 𝐽0( 𝛽))] 





+ (2𝑘2 − 𝑘𝑠
2)𝐽0( 𝜂)]  𝐸
−1  





+ (2𝑘2 − 𝑘𝑠
2)𝐽0( 𝜂)]  𝐸 




− 𝐽0( 𝛽))] ,  𝐶24 = 𝜇𝐷 [2𝑘𝛽𝐵 (𝑇
𝐽1( 𝛽)
𝛽
− 𝐽0( 𝛽))] 
𝐶31 = 𝜇𝐷 [−2𝑘𝜂𝐸 (𝑇
𝐽1( 𝜂)
𝜂




− 𝐽0( 𝜂))] 





− 𝐽0( 𝛽))] ,  𝐶34
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− 𝐽0( 𝜂))] ,  𝐶42 = 𝜇𝐷 [2𝑘𝜂𝐸 (𝑇
𝐽1( 𝜂)
𝜂
− 𝐽0( 𝜂))] 
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] = 0 (6-23) 
Where the generalized coefficients in the dispersion matrix for a corrugated or planar 
waveguide can be expressed as 
𝐶11
𝑆𝐻 = 𝜇𝐷 [𝑖𝛽 𝐽0( 𝜂) 𝑒
𝑖𝛽ℎ  ],         𝐶12
𝑆𝐻 = 𝜇𝐷 [𝑖𝛽 𝐽0( 𝜂) 𝑒
−𝑖𝛽ℎ  ] 
𝐶21
𝑆𝐻 = 𝜇𝐷 [𝑖𝛽 𝐽0( 𝜂) 𝑒
−𝑖𝛽ℎ ],       𝐶22
𝑆𝐻 = 𝜇𝐷 [𝑖𝛽 𝐽0( 𝜂) 𝑒
𝑖𝛽ℎ ] 
(6-24) 
To obtain the dispersion solution, the determinant of matrix [C] must be zero (Det 
(C)=0). The Lamb wave dispersion curve for the planar waveguide can be found if the ε 
value is set to zero. First, we attempted to confirm whether Eq. (6-21) would yield the same 
expression as that obtained using the conventional approach for determining the dispersion 
equations for a planar waveguide. It was found that Eq. (6-21) was similar to Eq. (6-25), 




(𝑘2 − 𝛽2)𝑒𝑖𝜂ℎ (𝑘2 − 𝛽2)𝑒−𝑖𝜂ℎ 2𝑘𝛽𝑒𝑖𝛽ℎ −2𝑘𝛽𝑒−𝑖𝛽ℎ
(𝑘2 − 𝛽2)𝑒−𝑖𝜂ℎ (𝑘2 − 𝛽2)𝑒𝑖𝜂ℎ 2𝑘𝛽𝑒−𝑖𝛽ℎ −2𝑘𝛽𝑒𝑖𝛽ℎ
−2𝑘𝜂𝑒𝑖𝜂ℎ 2𝑘𝛼𝑒−𝑖𝜂ℎ (𝑘2 − 𝛽2)𝑒𝑖𝛽ℎ (𝑘2 − 𝛽2)𝑒−𝑖𝛽ℎ
−2𝑘𝜂𝑒−𝑖𝜂ℎ 2𝑘𝜂𝑒𝑖𝜂ℎ (𝑘2 − 𝛽2)𝑒−𝑖𝛽ℎ (𝑘2 − 𝛽2)𝑒𝑖𝛽ℎ
|
| = 0 (6-25) 
Hence, Eqs. (6-21) and Eq. (6-23) are the generalized dispersion equations for the 
Rayleigh–Lamb wave and SH wave modes in corrugated and noncorrugated flat isotropic 
plates. Next, the equations for the dispersion relationships in the frequency-wavenumber 
domain are solved using the root-finding algorithm by plugging the appropriate structural 
and material properties of the waveguides. The extended solutions for both real and 
imaginary wavenumber domains are calculated. The root-finding procedure for real and 
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imaginary wavenumbers is identical. This procedure is performed separately using a certain 
assumed frequency for a range of real and imaginary wavenumbers. Using MATLAB code, 
each root is calculated from Eqs. (6-21) and Eq. (6-23). Here, the procedure is described 
only for real wavenumbers. At a certain frequency, the determinants are calculated for all 
the real wavenumbers in the problem domain. The calculated determinants can be in the 
form of real or complex numbers. If the calculated determinants are real, the expected roots 
are found between two pairs of wavenumbers that have negative multiplication of 
calculated determinants. If the calculated determinants are complex, the roots are found 
between two pairs of wavenumbers that exhibit negative values after the multiplication of 
their real and imaginary parts. The procedure is performed for the rest of the frequencies 
until the entire frequency domain has been covered. As stated above, this procedure is also 
followed for the imaginary wavenumbers. Then, all the calculated roots are plotted on 
frequency-wavenumber domain graphs. 
6.4 Results and discussion 
Lamb wave have been used to quantify damage growth and stress relaxation [169-173]. 
Therefore, We investigated Lamb wave propagation in flat and corrugated aluminum plates 
both analytically and numerically. First, the dispersion curves for the Rayleigh–Lamb wave 
modes in a planar waveguide obtained using the proposed generalized approach with ε=0 
were compared to those reported previously [168]. Next, the dispersion curves in a planar 
waveguide as determined using the analytical approach (i.e., by solving Eq. (6-21) while 
setting ε=0) were compared with the dispersion patterns obtained using the finite element 
method (FEM). In this study, aluminum, which has a Young’s modulus, 𝐸, of 72.4 GPa, 
Poisson’s ratio, 𝜈, of 0.33, and density, 𝜌, of 2780 kg/m3, was considered. To get a more 
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general sense of the phenomena of guided Rayleigh–Lamb and SH wave propagation, it is 
helpful to obtain a nonbiased generalized solution, wherein the axes for the frequency and 
wavenumber are dimensionless. The SI units for angular frequency and wavenumber are 
rad/s and 1/m, respectively. Hence, we used  Ω = 𝑓𝑑/𝑐𝑝 and k = 𝑘𝐷 as the dimensionless 
frequency and wavenumber, respectively. For the guided SH waves, we used Ω = 𝑓𝑑/𝑐𝑠. 
The wave velocities in the aluminum plate were 𝑐𝑝 = 6212 𝑚/𝑠 and 𝑐𝑠 = 3130 𝑚/𝑠. The 
dimensionless frequency axis (Ω) was divided into intervals of 0.1 and was considered to 
extend till 5 for Rayleigh–Lamb waves and till 10 for SH waves. For example, in the case 
of Ω = 𝑓𝑑/𝑐𝑠, a Ω value of 1 meant that 𝑓 ≅ 626 𝐾𝐻𝑧 for SH waves in a 5-mm-thick 
(2ℎ = 𝑑 = 5 mm) aluminum plate.  The roots (𝑘), which are the wavenumbers at each 
normalized frequency, were calculated from the material and geometrical properties using 
a computer program. 
The dispersion curves were plotted by solving the analytically obtained Eq. (6-21) for 
corrugated plates for different corrugation heights and periodicities. The bandgaps as 
determined from the analytical solutions were subsequently validated using an FEM model.  
6.4.1  Verification and Validation 
In Section 6.3, the Rayleigh–Lamb wave dispersion equations for ε=0 were verified 
analytically through a comparison with the dispersion equations reported in the literature. 
A pictorial depiction of the verification of the equations for Rayleigh–Lamb and SH waves 
is given in Figure 6.2, which shows the dispersion curves for Rayleigh–Lamb and SH 
waves in a planar waveguide as determined using Eq. (6-21) and Eq. (6-23) and ε=0. The 
dispersion curves reported previously in the literature are also shown. It can be seen that 
 
88 
the dispersion curves obtained using the generalized expression proposed in this study and 
ε=0 for a planar waveguide are similar to those reported previously. Although the curves 
for SH waves are also compared in Figure 6.2, in the discussion that follows, we focus only 
on the Rayleigh–Lamb wave modes in corrugated waveguides.  
 
Figure 6.2: Comparison of Lamb wave dispersion curves: (a) those determined in 
present study and (b) those reported in [168]. 
To validate the generalized solution given in Eq. (6-21), the dispersion behavior in a 
planar waveguide was simulated using a FEM model, and the results were compared with 
the dispersion curves obtained from the generalized analytical solution. The multiphysics 
software COMSOL was used to simulate the propagation of a Rayleigh–Lamb wave in a 
planar waveguide. A planar waveguide ( = 0) with a length of 100 mm was excited with 
a chirp signal with frequencies in the range of 100 kHz to 1 MHz. Figure 6.3 shows the 
process of determining the dispersion curve for the planar waveguide using the FEM 
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model. Stress-free boundary conditions were imposed on the upper and lower surfaces of 
the waveguide. Further, perfectly matched layer boundary conditions were applied at the 
start and end of the plate. Next, the planar waveguide was excited with a chirp signal, and 
the displacements of 250 points were determined in the time domain. The measurement 
points were distributed uniformly on the central axis such that the distance between each 
point was 0.4 mm. Ensuring that spatial and temporal discretization is performed correctly 
is essential for the convergence of the solution during wave propagation simulations. The 
maximum spatial (Δx) and temporal (Δt) discretization levels for meeting the convergence 
criteria were calculated from the expressions min 10x    and max 3t x C   , where min  is the 
minimum wavelength of the Lamb wave modes and maxC  is the maximum phase velocity 
of the wave propagation modes [174]. The mesh size (0.4 mm) and time step (2×10-8 s) 
were calculated based on [174]. Linear triangular elements were used in the FEM 
simulation, and a total of 10122 elements were employed. The displacements along the 
central line of the plate were determined, and the spatiotemporal displacement field was 
plotted, as shown in Figure 6.3. Next, the two-dimensional (2D) fast Fourier transform 
(FFT) was used to determine the frequency-wavenumber domain plot (Figure 6.3).  
To elucidate the numerically determined dispersion behavior from the FEM simulation 
results, the frequency-wavenumber plot was superimposed on the analytically obtained 
dispersion curve for a planar waveguide, as shown in Figure 6.4. Since the excitation signal 
was considered to be symmetric in this study, the antisymmetric modes were not prominent 
in the frequency-wavenumber plot obtained from the FEM simulation. However, the 
symmetric modes were in good agreement, as shown in Figure 6.4.  
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Figure 6.3: Process for obtaining dispersion curve for planar waveguide using finite 
element method. 
Figure 6.4: Comparison of dispersion curves for planar waveguide as determined by 
finite element method and obtained from analytical solution. 
Next, both symmetric and antisymmetric Rayleigh–Lamb solutions were obtained for 
corrugated waveguides with different periodicities and corrugation heights. 
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The dispersion curves for a planar waveguide were compared with those for wave 
dispersion in a corrugated waveguide with a degree of corrugation, ε, of 0.5h and 
periodicity, D, of 3d (see Figure 6.5). The fabricated dimensionless variable k̅ (𝑘. 𝐷) was 
assumed to be either real or purely imaginary. As is apparent from Figure 6.5, the 
corrugated waveguide exhibited several mode conversions in the real-k̅ domain. 
Corrugated waveguides can exhibit additional modes in the evanescent zone (imaginary k̅) 
that are not present in planar waveguides because of the corrugation [175]. Given this 
context, the two red boxed areas in Figure 6.4(b) are shown separately in Figure 6.4(c) and 
Figure 6.4(d). These areas were identified as the mode conversion zones for the corrugated 
waveguide. Based on a subsequent analysis, it was found that the mode conversion zones 
in the frequency-wavenumber plots for corrugated waveguides decreases and becomes 
more collimated with an increase in the depth of corrugation.  
A unique feature of these zones is that, for a specific wavenumber and a specific wave 
mode, multiple frequency solutions (up to three) can exist.  
Figure 6.5: Dispersion curve for (a) planar waveguide and (b) corrugated plate 
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This makes a specific mode to demonstrate wave propagation with both positive and 
negatively group velocities at a certain wavenumber. Such zones and such modes can be 
studied separately to understand the unique wave transport phenomenon. However, this 
was not the objective of the present study. 
6.4.2 Parametric Study 
Next, we investigated the effects of the corrugation height on the Rayleigh–Lamb 
modes. As depicted in Figure 6.6, the dispersion curves for ε =0.1h, ε=0.2h, ε=0.3h, and 
ε=0.5h were plotted while keeping the periodicity (D=2d) fixed.  
Figure 6.6: Effects of corrugation height on Lamb wave propagation. 
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As can be seen from the figure, additional evanescent modes were generated with an 
increase in the corrugation height. Further, the number of additional modes increased with 
an increase in the depth of corrugation. Finally, with an increase in the depth of corrugation, 
the mode conversion zones became narrower. 
Next, the effects of periodicity on the dispersion curves were studied while keeping the 
corrugation height constant.  
Figure 6.7: Effects of periodicity length on Lamb wave propagation. 
Figure 6.7 shows Rayleigh–Lamb wave propagation in corrugated waveguides with 
different periodicities (D=d, D=2d, D=3d, and D=4d) and a corrugation height, , of 0.5ℎ. 
The number of solution spaces for the corrugated waveguide with D=d (Figure 6.7(a)) in 
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the frequency-wavenumber domain was the lowest. Further, with an increase in the 
periodicity, the range of the wavenumber solutions increased for certain frequencies. 
6.4.3 Bandgap study 
In order to determine the bandgaps of corrugated waveguides, their dispersion curves 
must be analyzed. According to the Bloch theorem, all possible solutions for the 
wavenumber vector (k) can be obtained by adding a factor, 2𝜋𝑛 𝐷⁄ , to the fundamental 
wavenumber, where 𝑛 = 0,±1,±2,±3. In the present study, the solutions were restricted 
to the first Brillouin zone [164, 176, 177]. The propagation of an elastic wave along the Γ𝑋 
direction of the irreducible Brillouin zone for which 0 < 𝑅𝑒(𝑘) <  
𝜋
𝐷
 [178] was considered.
All the bandgaps in the corrugated waveguide were determined for 0 < 𝑅𝑒(𝑘. 𝐷 = ?̅?) <
 𝜋 for the frequency range of 0 to 3 MHz. 
To understand the effects of the waveguide parameters (periodicity and corrugation 
height) on the bandgaps, a parametric study was performed for different configurations of 
the corrugated waveguide. The equations for the dispersion relationships were solved for 
different periodicities (D=d, D=2d, D=3d, D=4d, D=5d, and D=6d) and different 
corrugation heights (ε=0.1h, ε=0.15h, ε=0.2h, ε=0.25h, ε=0.3h, ε=0.35h, ε=0.4h, 
ε=0.45h, and ε=0.5h). Next, the bandgaps were determined for each corrugated waveguide. 
Corrugated waveguides with a certain periodicity and corrugation height exhibit multiple 
bandgaps. Each bandgap has its own upper and lower frequency limit. To study the 
influence of the corrugation height and corrugation periodicity on the bandgaps, based on 
the upper and lower frequency limits, six bandgap plots were created while varying the 
corrugation factor, 𝑒, from 0.1 to 0.5; these are shown in Figure 6.8, which was obtained 
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by connecting the lower and higher frequency limits of the first, second, third, and fourth 
bandgap zones for corrugated waveguides with the same periodicity but different 
corrugation heights.  
It can be seen that there are four bandgaps in the corrugated plates with D=d. However, 
the number of bandgaps in the waveguides with D=2d is three. Moreover, once the 
periodicity was changed from D=3d to D=6d, the bandgap zones merged. Thus, increasing 
the periodicity can affect the number of bandgaps in a waveguide. Here, the normalized 
wavenumber (?̅? = 𝑘. 𝐷) was limited to range from 0 to 𝜋 within the first Brillouin Zone. 
However, when the periodicity was increased, the wavenumber decreased to be in the range 
of 0 to 𝜋. Consequently, at a certain frequency, the number of existing wavenumber 
solutions decreased for the corrugated plates with low periodicities as compared to that for 
corrugated plates with higher periodicities. Therefore, the number of bandgaps decreased 
with the increase in the periodicity.  
To verify the bandgaps in corrugated waveguides and determine whether they could be 
predicted correctly using the proposed generalized Rayleigh–Lamb equations, FEM 
simulations were performed to determine the dispersion curves and bandgaps for 
corrugated plates with two different configurations (i.e., those marked in Figs. 8(a) and 
(b)). The plates with D=d and ε=0.25h and D=2d and ε=0.3h were used to verify the 
bandgaps obtained from an analytical solution. Figure 6.9 shows the process for 
determining the dispersion behavior in a corrugated waveguide (D=d and ε=0.25h). As 
depicted in Figs. 8(a) and (b), two bandgap zones were present in the sheet with D=d and 
ε=0.25h whereas three bandgap zones were present in the sheet with D=2d and ε=0.3h.  
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Figure 6.8: Frequency bandgaps for different configurations of corrugated plates. 
In this case too, the corrugated waveguide was excited using a chirp signal with 
frequencies of 100 kHz to 1 MHz. Further, the time step and mesh size used were like those 
employed for the planar waveguide simulation, whose results are shown in Figure 6.3. The 
process for determining the dispersion curve was similar to that used for the planar 
waveguide. The dispersion curve was obtained by using the 2D FFT on the displacement 
filed in the time-space domain. As can be seen from Figure 6.9, symmetric modes were 
observed during the simulation.  
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Figure 6.9: Process for determining dispersion curve for corrugated waveguide 
using finite element method. 
Next, the dispersion curve obtained from the analytical solution was compared with that 
from the FEM simulation. As shown in Figure 6.10, the FEM simulation results confirmed 
the bandgap zones, which could be superimposed on the bandgaps obtained from the 
analytical solution. 




In this study, we developed a generalized expression for Rayleigh–Lamb wave modes 
in planar and corrugated waveguides. To derive the dispersion relationships, the Bloch 
theorem was directly applied to the scalar and vector wave potentials in order to obtain the 
governing equations. By applying the appropriate boundary conditions, we could obtain 
the dispersion relationships. Next, using a root-finding algorithm, the equations 
corresponding to the dispersion relationships were solved, and the dispersion curves were 
obtained for both planar and corrugated waveguides. To investigate the effects of 
corrugation on the corrugated waveguides, a parametric study was performed. Parameters 
such as the corrugation depth and length of periodicity were varied, and their effects on the 
dispersion curves and bandgaps were explored. The obtained results were verified through 
FEM simulations. The planar and corrugated waveguides were simulated using the 
multiphysics software COMSOL. A chirp signal was employed to excite the plates, and it 
was found that, for a fixed k̅, the bandgaps may merge with an increase in the periodicity. 
Further, for a fixed periodicity, changes in the corrugation depth may result in additional 
modes owing to the resulting changed in the boundary conditions. The generalized 
expression was validated with satisfactory results.  
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